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[IpakTukyM mpegHa3Ha4YeH Il METOJIUYECKOTO O0eCIeUeHHs MpaKTude-
CKHUX 3aHSITHH M CAaMOCTOSITEILHOW padOTHI CTY/IEHTOB MPH H3yYCHHUH JIHCIIH-
IINHBI «MaTeMaTuKa.

B pabGore mpencraBineH marepuain MO CICAYIONIMM pasieiaM: airedpa,
aHaNMUTHYECKass TeoMeTpus, AuddepeHInaIbHOe HCUNUCICHUE, HWHTErPaTbHOES
WCYHCIICHHE, OOBIKHOBEHHBIC U (epeHIInanbHble ypaBHEHUS, YUCJIOBBIC H
byHKIMOHATBHBIE PSABI. J[71s KaKaoro pas3zaena MpuBeIeHBI KPaTKUE CBEICHUS
M3 TEOPUHU, PACCMOTPEHBI MPUMEPHI PEIICHUS] TUIIOBBIX 3aj]1ad, MPEICTABICHBI
BapUAHTHI 3aJ]aHUM 11 KOHTPOJIbHBIX PAa0OT M CaMOCTOSATEIIbHOW pabOThl CTY-
neHToB. [IpyuBeieH Takke CIMMCOK PEKOMEH/I0BaHHOM yUueOHOM JTUTEpaTyphl.



1. BEKTOPHAS AJITEBPA U AHAJIMTUYECKAS I'EOMETPUSA

IMpumep 1.1. [Jansr koopauHatel Touek A1(6;1;1), A2(4;6;6), As(4;2;0),
A4(1;2;6). U3BectHO, uTo oTpe3ku A1Az, A1As3, A1As SIBISIIOTCS CMEKHBIMU PeO-
pamu napayenenunena. Tpedyercs HalTH:

1)  mmmny pedpa AiAz;

2) yron mexuay peopamu AiA; 1 AiAs;

3) mIomaab FPaHU, coaepIKaIiei BepirHbl A,Az,Az;

4)  o0beM mapauieienuIea;

5) ypaBHeHHE IIOCKOCTH A1AZAs;

6) yrox mexay pedpom AjA4 U IrpaHblo, CoaepIKaIiei BepIrHbl Ag,Az,As;
7) paccTosHue OT BepinruHbl A4 10 m1ockoctu Ag,Az,As.

Pemenue.

1) Ucnonb3yst popMysTy pacCTOSHUS MEXKy TOYKaMH IPOCTPAHCTBA, HAXOIUM

AA|=(4—6F +(6—1F +(6-1F =4+25+25 =54 ~7,34.

2) Bynem nckath yron ¢ Mexnay Bekropamu A A, u A A, . CHadana BEIYUCITUM

KOOPOIHWHATBI 9TUX BCKTOPOB

AA =(4-6,6-16-1)=(-255), AA =(01-6,2-16-1)=(-515)
3aTeM, I/ICHOJIBSySI (1)OpMYJIy JJI51 CKaJI}IpHOI‘O HpOI/ISBeIIeHI/IiI B KOOp,Z[I/IHaTaX,
HalIEM KOCUHYC yIJyia

AA-AA —2-(—5)+5-1+5-5 40 76,
AA|AA] J(-2F +5 +5 -\ [(-BF +12+5 /5451

Tenepb HaXOJHUM CaM YI'oJI
¢ =~ arccos 0,76 =~ 40,53°.

3) I'pans A/A,A, MOKHO paccMaTpuBaTh, KaK TPEYTOJIbHUK, IOCTPOEHHBINA Ha

COSQp =

BekTopax A A, u AA,. Ero miomazns BEIYMCIUM 10 GOpMyJIE

11— ——
S-SR

Nmem cHavyasia KoopAuHATHI BekTopa A A,
AA =(4-6;,2-10-1)=(-21 -1)

Teneps Haxo0AMM KOOPAMHATBI BEKTOPHOrO IpousBeneHus a = A A, x A A

> — —

] kK
- : 5 5| [-2 5] |-2 5- P
a=AAxAA=-2 5 5 =l _ |—_2 B j+_2 1k:—10|—121+8k,
-2 1 -

Y €r0 JUIUHY

al =/(-10) +(-12) +8* =308 = 2J77.



Takum oOpa3om, uCKOMas TIIOIIAb paBHA S = %‘5‘ = % .2.\J77 =77 =8,77.

—

4) O6beM V mapajuienenurnena, MoCTPOSHHOTO Ha BeKTopax a, b, ¢ paBeH mo-

— - -

IyJI0 CMEIIAHHOTO TMPOWM3BENCHUS 3TUX BEKTOpoB a b c. B mamem cmyuae

a= AA, , b= AA, c= A A, . KoopauHaTbl 3THX BEKTOPOB YK€ HalECHBI, I10-

9TOMY, HCIIOJIBb3YA (i)OpMYJ'Iy 1 CMCIIAHHOTO ITPOU3BCACHUS B KOOPpAMHATAX,
IIoJiydyacMm

a, a, a, -2 5 3
S 1 - -2 -1 -2
abc=b, b, bl=-2 1 -1=-2 -5 + =
1 5 -5 5| |-5
c, ¢ C| -5 1 5

=-2(1-5-1-1)-5(-2-5-1-(-5))+5-(-2-1-1-(-5))=

=2-6-5-(-15)+5-3=-12+75+15=78.

Urak, V = ‘a b C‘ = ‘78‘ =78. OT™MeTUM, YTO OTPHUIIATEIHLHOC 3HAYCHHE CMCIIIaH-

—_ - — —

HOTO mpousBefeHus a b C o3Hauano ObI, 4TO BEKTOPH @, b, C oOpa3syroT mpa-
BYIO TPOUKY.
5) VpaBHeHHe TUIOCKOCTH, TIpoXofsmed uepes Touknm  A(X,;Y,iZ,),
B(Xg; Ye:25)s C(Xc; YeiZe ), MOKHO 3amucath B BUIE

X=Xa Y=Ya =1,

Xg =Xa Yg—VYa Zg—Z,=0.

Xe =Xa Yo =Ya Zc =124
IToxcTaBuM HaIM JJAHHBIE U YIIPOCTHUM ITOJy4YE€HHOE YPABHEHHUE

X-6 y-1 z- X-6 y-1 z-
4-6 6-1 6-1=0<|-2 ) 5 =0
4-6 2-1 0- -2 1 -1
5 5 -2 5 -2 5
—-6)- —(v-1) —1). =
= (x-6) ‘1 _]J (v )‘_2 _]J+(z )‘_2 1‘ 0o

< (x=6)-(-10)+(y-1)-(-12)+(z-1)-8=0 <
< -10x-12y+8z2+64=0<5x+6y—-4z—-32=0.
Takum 00pa3om, HCKOMOE ypaBHEHUE UMEET BU]I
5x+6y—-4z-32=0. (1.1)

_—

6) Iloanexanuii ompeeNeHHI0 Yol oL MEKAY BEeKTOpoM A A, U IIOCKOCTBIO

AA A, B cymMe ¢ ocTpeIM yriioM B Mexay A A, W HOpMaIbHBIM BEKTOPOM N
sToi mockoctu gaet 90°. [Tosromy Sin oL =Ssin (90° —B) = COSf. 3aech mpeamo-



—

JaraeTcs, YTO U3 JBYX BO3MOXKHBIX HampaBieHuil Bekropa N BbiOpaHO TO, mpu
KOTOPOM yTOJI MEXKY N u A1A4 — OCTpBIM. B mpeaplaymemM myHKTe Mbl HAIUIA
ypaBrenue (1.1) maockoctn A A A,, onperenuB TeM caMbIM ¥ KOOPJHHATHI e¢

HOPMAJIBHOTO BEKTOpa N= (5; 6; —4). [ToguepkHeM, YTO TIOKa HESICHO, KAK ClIe-

JyEeT BBIOpaTh YNOMSIHYTHIN BbIlie BEKTOP N : MOXHO U mojaoxuTh N =N umm
e clielyeT B34Th 32 N MPOTUBOIIONOKHO HanpaBiaeHHbIN BEKTOp N =—Nn. BbI-
YKCIIUM KOCUHYC yIiia y Mexay N u A A, . Umeem

AA,-n ~5.5+1.6+5-(—4) -39
\AlAA\ n \ JEBY +12 +52, /52 462 + (-4  BLVTT
[Tockompky COSy<0O, yrom <y —Tymod ©W HaM CIEAyeT TOJOXKHTh
N :—ﬁz(—S; —6; 4). Torma B=180°—1,

COSy

sin o, = cosP = cos(180° —y) = —

39
COSY = —+—,
NN

OTKyJa o = arcsin _ 39 ~ arcsin 0,62 = 38,31°.

V5177

7) Pacctosiaue d oT Touku M (X,; Y,; Z, ) /10 TUIOCKOCTH € OOIIMM YpaBHEHHEM
Ax+By+Cz+D=0
BBIYHCIIAETCSA 110 hopMyJIe

d=

|AX, +B Y, +Cz,+D|
JAZ4B*+C2
[Toacrasmsist B 3Ty hopmyny kodddunvents ypaBHenus (1.1) u KoopauHaATHI
touxn A, (L 2; 6), Haxomum
_B1+6-2+(-4)6-32_ 39 377 _,
J52 +62 +(—4Y N

3apanue 1.1. Jlaasr koopauHaTel ToueK Az, Az, As, As. I3BecTHO, 4TO OT-
pe3ku A1Az, A1As, A1A4 SBIIIOTCS CMEKHBIMU pedpamu napaienenunena. Tpe-
Oyercs HAWTHU:
1) nnuny pedpa AiAz;
2) yron mexay peopamu AiA; u AlAs;
3) miomank rpaHu, coaeprxkaiiei BepimHbl Ag,Az,Asz;
4) oObeM napasuieeuiea;
5) ypaBHenue miockoct AjALAs;
6) yron mexay peopom A1A4 M rpaHblo, coepKaiiei BepinHbl Az, Az, As;
7) paccrosiHue OT BepimuHbl A4 710 T10cKoCTH A1, Az,As.
1. A1(0;3;2), A-1;3;6), As(-2;4;2), A4(0;5;4).
2. A1(4;2,5), A(0:;7;2), As(0:;2;7), A41;50).



3. Ai(-1;2,0), Ax-2;2;4), As(-3;3;0), As(-1;4;2).
4.  A1(4:4,10), Ax(4;10;2), As(2;8;4), A4(9;6;4).
5 A1(2;2;3), A(1;2;7), As(0;3;3), As(2;4;5).
6. A1(4;6;5), A26;9;4), As(2;10;10),A4(7;5;9).
7. A1(0;-1;2), A2(-1;-1;6), As(-2;0;2), A4(0;1;4).
8. Ai(35:4), AA8T:4), A3(5:10:4), A4(4.7:8).
9.  Ai1(3,0;2), A22;0;6), As(1;1;2), Au(3;2;4).
10.  Ai(10:;6;6), Ax(-2;8;2), As3(6:;8;9), A4(7;10;3).

Ipumep 1.2. Jlanbl ypaBHEHUS IBYX CTOPOH MPSMOYTOJIbHUKA
2x -3y +13=0, (1.2)
3X+2y—-26=0 (1.3)

Y OJIHA U3 BEPILHH O(O;O). Haiitn ypaBHEeHUs IBYX APYrUX CTOPOH U KOOpPIU-

HATHI OCTABIIUXCS TPEX BEPINUH. BBIMOIHUTE YepTEK.
Pemenne. O603naunm npsamsie (1.2) n (1.3) wepes |, u |, coorBercTBeH-

Ho. TTockonbky Touka O(0;0) He NeXUT HU Ha OJHOMN M3 STHX MPAMBIX, TOUKA HX
nepeceuenuss B =1 (|, sBusercs BepuuHoil, mpotuBosiexameil BepumHe O,
MHBIMU clIoBaMH, 0Tpe3ok OB ects nmuaronans npsimoyronsauka. [lycrs | u 1)
— IpsMBle, napajienbHsle psambM |, 1 |, cooTBeTcTBEHHO M MpoXOAsIIHE Ye-
pe3 rouky O, u mycte A=1(l,, C=1,NI/. YpaBHeHue npsimoii, mpoxosuiei
yepes samamHylo Touky My(X,;Y,) TapamiensHO 3alaHHOM  TIPAMOiL
Ax + By + C =0 umeert Bug
A(X=%,)+B(y = ¥,)=0.

IoxcraBmnss B Hero koddduipents! npamsix |, u |, 1 koopaunatsr Touku O,
HOJTyYHM ypaBHEeHHUs npsamMbixX || u 1)

l:2-(x-0)-3-(y-0)=0<2x-3y =0,

;:3-(x—0)+2-(y-0)=0<3x+2y=0.
[Tocie Toro, Kak MmoJiydeHbl YPaBHEHUSI BCEX CTOPOH MPSMOYTOJILHUKA, HaliieM
ero BepmmHbl A B,C. Kaxnas Takas BepIIMHa €CTh TOYKa MEpPECEUeHUs Mpsi-

MBIX, COJIEpKAIMX COOTBETCTBYIOLIUE CMEXHBIE CTOPOHBI. [ToaTOMY KOOpAMHA-

Thl BEPLIMH MOYXHO HCKaTh, PEIllasi COBMECTHO YPaBHEHHSI COOTBETCTBYIOIINX
npsmeIx. meem

2x, —3y,+13=0 X, =—2

A(XA; yA)zllmléj{ g g S0

3X,+2y,=0 Ya=4,

2X5 — 3y, +13=0 @{XB =4

B(X.: =1 NI
(ai %e) 1023{3x8+2y8—26:0 Yo =7,



C(Xc; yC):IZL,m|2 :{

Cnenaem ueprex (puc.1.1).

2% —3Y. =0 - Xe =
3X. +2Y. —26=0 Y. =4.

Puc. 1.1.
3ananue 1.2.
1.  JlaHbl ypaBHEHHS NIByX CTOpPOH mapasuienorpamma: X+2y+1=0 u
2x+y-3=0. llentp mapamienorpamma Haxoautcs B Touke A(1;2). Haiitu ypaBHe-
HUS JBYX JPYTUX CTOPOH. BBITTOHUTH YepTex.

2. Jlauwl aBe BepiuHbl Tpeyroubuuka A(2;1), B(4;9) u Touka mepece-
yeHus:i BbicOT N(3;4). HaliTu ypaBHEHHs] CTOPOH TpEyrojbHUKA. BBIMOTHUTH
YEePTEK.

3. Jlaubl qBE IMPOTHBOIONIOXKHBIC BepmuHbl kBaapata A(1;3), C(-1;1).

Haittn koopauHAaThl ABYX €ro APYyTUX BEPIIMH U COCTABUTH YPABHEHUS CTOPOH.
BbInonHUTE YepTex.

4, Haiitn ypaBHEHHsI CTOPOH TPEYTrOJIbHUKA, €CJIM 3a1aHbI €TO BEPILIU-
Ha A(1;3) u ypaBHenus n1Byx menua X-2y+1=0, y-1=0. BeimoaauTh gepTex.
5. W3BecTHBI ypaBHEHUE OJTHOM U3 CTOpOH KkBajapara X+3y-3=0 u Tou-

ka nepeceuenus quaronaneit N(-2;0). Haiitu ypaBHEHHS OCTaIbHBIX €T0 CTOPOH.
BBITOSTHUTE YyepTex.

6.  VYpaBHeHUs OOKOBBIX CTOPOH PaBHOOCAPEHHOTO TPEYTONbHUKA 2X-
y+8=0, x-2y-12=0. Touka N(4;0) neXxuT Ha OCHOBaHHMH TPEYTOJIbHHKA. HailTu
ypaBHEHUE OCHOBaHUS. BBIMOTHUTE YepTEK.



7.  HaliTu ypaBHEHHsI CTOPOH TPEYTOJIbHUKA, 3HAsl OJIHY €r0 BEPIIMHY
B(2;-7), a Takxe ypaBHeHUs BBICOTHI 3X+Yy+11=0 u menuansr X+2y+7=0, nmpose-
JIEHHBIX W3 Pa3INYHBIX BEPIINH. BRIMTOTHUTE YepTeXK.

8. Touka A(5;-4) sBnsieTCS BEpPIIMHON KBajpaTa, JUaroHajib KOTOPOTo
JSXKUT Ha psiMoit X-7Yy-8=0. HanucaTe ypaBHEHUsI CTOPOH U BTOPOM AUArOHaIH
ATOTO KBajpaTa. BhIMOTHUTE YepTeK.

Q. YpaBHEHHE OCHOBaHUS PaBHOOEIPEHHOTO TpeyrojpHUKa X+Yy-1=0,
ypaBHEeHHE 00KOBOM cTOpOHBI X-2Y-2=0. Touka N(-2;0) mexur Ha Apyroi 60Ko-
BOM CTOpoHE. HailTu ypaBHEHHE 3TOM CTOPOHBI. BBINOIHUTE YEPTEK.

10. Jlanwl ypaBHEeHHMS MeauaH TpeyrojabHuka SX+4y=0 u 3X-y=0 u oaHa
u3 ero BepmnH A(-5;2). HaliTu ypaBHEHUSI CTOPOH TPEYrojbHHUKA. BBITIOIHUTE
YepTeK.

IIpumep 1.3. CocraBuTh ypaBHEHUE U MOCTPOUTH runepoOory, GoKychl
KOTOPOM JIe)KaT HAa OCH a0CIIMCC CHMMETPHUYHO OTHOCHTENIHFHO Hayana KOOpPIU-

HaT, a TOYKU A(6; —1) u B(— 8; 22 ) MpUHaJJIeKaAT Tunepoore.
Pemenue. Kanonnueckoe ypaBHEeHUE TUIIEPOOIIBI UMEET BUJ

2 2

X
a—z—;’—2:1. (1.4)

YToObl OmpeneauTh NoayocH a U b, mojcraBuM KOOpIUHATHI TOYEK A(6; —1) u

B(— 8; 242 ) B ypaBuenue (1.4). B pesynpTaTe moy4nM CHCTEMY ABYX YpaBHE-
HHI OTHOCUTEJILHO HEU3BECTHEIX a 1 b. Haxonum

6° (-1)° 36 1
e 2 b
&
(-8 (Vo) |4 8 _;
a’ b> a® b’
1 .
[Tomoxxum U = PR V= = Y PEIUM TOJTYYCHHYIO JTUHCHHYIO OTHOCUTEIIEHO
HEU3BECTHBIX U U V CHCTEMY
U 7 1
3u-v=1 288u—8v =38 224u =17 T o004 32
PN - - 224 32
64u—8v=1 | 64u-8v=1  |8v=64u-1 v:1(64-i—1j:1.
8 32 8
Takum 00pa3om, HICKOMOE YpaBHEHHUE TUIIEPOOIIBI HIMEET BUJ
XZ y2
32 8

YT0oOBI MOCTPOUTH TUIIEPOOITY, 3aMETUM, UTO €€ JEeUCTBUTEIbHAS U MHUMAS T10-

JIyOCH pPaBHBI, COOTBETCTBEHHO, a=~/32=4+/2~56 u b=8=2+2~28.



OTCIO,Z[a CICaAyEeT, 4YTO BCPIIMHBI FI/Il'Iep6OJIBI PpacIoJIOKE€HbI B TOYKax

Ai(—4\/§;0) u A2(4\/§;O). AcUMITOTBI y:igx B HallleM CIy4Yae HMEIOT

X o
BUIY = iz . OHn IBIATOTCS MMPOJOJDKCHUAMU JHAT'OHAJICU XaPaAKTCPUCTHICCKO-

ro IHnpiamMoOyrojbHHKa, T.C. IIPAMOYIOJIbHHKA, OI'PAHHUYCHHOI'O IIPAMBIMU
X =*a, y =+b. HOCTpOI/IB CHadYajla 3TOT IMIPAMOYTOJBHHUK H ACUMIITOTBI, MBI

MOKEM 3aTe€M JIOCTATOYHO TOYHO M300pa3uTh 00€ BETBU THUNEPOONBI (CM. pHC.
1.2).

Punc.1.2.

3ananue 1.3.

1. CocTaBuTh ypaBHEHHE M TOCTPOUTH OKPY>KHOCTh, MPOXOISILYIO
gepe3 Touxu A(1;2), B(0;-1) u C(-3;0).

2. CocTaBuTh ypaBHEHHE U MOCTPOUTH JIMHUIO, PACCTOSHUE KAXKIOU
TOYKU KOTOpoi oT Touku A(0;1) B 1Ba paza MEHbIIIE PACCTOSHUS €€ 10 MPSMOI
y-4=0.

3. CocTaBuTh ypaBHEHHE U MOCTPOUTH JIMHUIO, CYMMa KBaJIpaTOB pac-
CTOSIHUI OT KayKAoh Touku KoTopoit 10 Touek A(-3;0) u B(3;0) pasna 50.

4, CocTaBuTh ypaBHEHHUE U MOCTPOUTH JIMHUIO, PACCTOSHHE OT KaX-
JIOW TOYKH KOTOpO# j0 Touku A(-1;1) BABOE MeHbIIIe pacCTOSHUS 10 Touku B(-
4;4).

5. CocTaBuTh ypaBHEHUE U MOCTPOUTH JIMHUIO, CyMMa PacCTOSIHUN OT
KaIO0H TOUKHI KOTOpoii 10 Touek A(-2;0) u B(2;0) pasua 2+/5.

6. CocTaBuTh ypaBHEHHE U MOCTPOUTH JIMHUIO, KaXKIasi TOYKA KOTO-
POl HAXOUTCS HA OAMHAKOBOM paccTosiHuu OT Touku F(2;2) u ocu OX.



7. CocTaBUTh ypaBHEHUE U MOCTPOUTH JINHUIO, PACCTOSHUS Kaxa0H
TOYKHM KOTOpO#l OT ToukH A(2;0) u npssmoit SX+8=0 oTHOCsTCS Kak 5:4.

8.  CocraBuTh ypaBHEHHE U TOCTPOUTH JIMHUIO, PACCTOSHUS KaxI0H
TOYKHM KOTOPOH OT Hayaya KoopauHat u oT Touku A(5;0) otHocaTcs kak 2:1.
Q. CocTaBuTh ypaBHEHHE W MOCTPOUTH TUTIEPOOITY, MPOXOAAIIYIO Ue-

pe3 Touky N(9;8), ecium acuMnOTOTHI TrUNEPOOSIBl HMEIOT ypaBHEHHS
y=+(2~/2 I3)x.
10. CocTaBuTh ypaBHEHUE U MOCTPOUTH THNEPOOITY, BEPIIUHBI U (HOKY-

ChbI KOTOpOﬁ HaXOJATCA B COOTBCTCTBYIOINUX q)OKycaX N BCPIIMHAX 3JIIIHIICA
5x2+8y?=40.

2. 3JIEMEHTBI AJITEBPbBI

Ipumep 2.1. Pemmthb cucteMy JMHEHHBIX ypaBHeHUN MeTo0oM ["aycca
X, —4X, +2X, =-1

2%, —3X, = X3 —9X, =—T1 (2.1)
3X; — X, + X3 —5X, =8

X, =Xz =X, =—1

Pemienne. VckimounM 13 BTOPOTO U TPETHETO YPABHEHHM HEHU3BECTHYIO
X, . [y 3TOro yMHOXHUM II€pBOE ypaBHEHUE HA 2 U BBIYTEM M3 BTOPOIO, 3aTEM

YMHOXHM IICPBOC HA 3 1 BBIUTEM M3 TPCTHCTO. HNmeem

X, —4X, +2X, =-1 X, —4X, +2X, =-1
2X; —3X, — X3 —5X, =—7 5X, =95, —5X, =-5
=
3X, — X, + X, —5X, =8 3X, — X, + X, —5X, =—8
X, = X; =X, =-1 X, = X; =X, =—1
X, —4X, +2X, =-1
- 5X, =5, —5X, = —5<:> X, —4X, +2X, =-1 (2.2)
S5X, =5, —5X, =—5 X, —X; — X, =-1.
X, = X3 =X, =—1

[Tocie UCKIIOYEHHUS HEU3BECTHOM X; MbI IOJIyYHIIH CHCTEMY, B KOTOPOH IIO-

CJIEIHAE TPU YPABHEHHUsI NMPONOPLUUOHAIBbHBI. OCTaBUB B CUCTEME TOJIBKO OJHO
U3 HUX (4eTBepToe, Kak Hauboyiee MpoCcToe), MOJYyUYUM «YKOPOUEHHYIO» CHCTE-
My (2.2) nByX ypaBHEHHI, JKBUBAJICHTHYIO UCXOAHOH. BriOepeM B kauecTBe Oa-
3UCHBIX HEU3BECTHBIX X, U X,, @ HEU3BECTHBIE X; U X, OyJeM CUUTaTh CBOOO-

HBIMH, 3aTEM BBIpa3uM 0a3MCHBIE TIEPEMEHHBIC Yepe3 CBOOOHBIC
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X, —4X, +2X, =-1 X, =—=14+4x, —2X,
=
X, =X =X, =—1 X, ==1+X;+X,
{xl = —1+4(—1+ X, + X, )—2X, {xl = -5+ 2x, +4Xx,
=

X, = =1+ X, + X, X, ==1+X; +X,.

ITepeobo3HauMM CBOOOAHBIE IEPEMEHHBIE APYTUMH OyKBaMu X; =S, X, =t. To-
I/1a OKOHYATEIBHO 001Iee peneHne cucTeMsl (2.1) MOXXHO 3amucaTh B BHJIC

X, =—5+2s+4t,
X, ==1+S+t,
X; =S,

X, =t,

rac InapamMeTpbl s,te R MOI'yT IIPpHUHUMATb IIPOHU3BOJIBHBIC IICﬁCTBHTGJIBHBIe

3HAYCHUSI.

3ameuanne. Merog ['aycca (MeToj MOCIENOBATEIBHOTO HCKIIOUCHUS
HEU3BECTHBIX) MO3BOJISIET HE TOJIBKO peIiaTh CUCTEMY, HO U OJTHOBPEMEHHO HC-
CJIEI0BaTh BOINPOC O CYIIECTBOBAHMM pelieHusa. Ecinum Obl MCXOAHas cucTtema
OblJIa HECOBMECTHOM (HE MMEIOILEN pelIeHui), TO B X0J€ MpeoOpa3oBaHus €€ K
«TpamneneBuiHon» hopMme (2.2) Mbl 00s3aTEIbHO MOTYy4YUSid Obl Cpeu ypaBHE-
HUW HEBEPHOE YHUCJIOBOE paBeHCTBO (Hampumep, 3=7). Tem cambiM ObLIO ObI
YCTaHOBJICHO, YTO CUCTEMA PEIICHUI HE UMEET.

3ananme 2.1. Pemuth cucteMy JMHEHHBIX ypaBHEHHM MeTo10M ["aycca.

1. 2.
3X1+Xo+X3+Xa+X5=5, X1+2Xo+X3+6X4+X5=4,
2X1-Xo+3X3=4, 3X1-Xo-X3+X4=1,
5Xo+6X3+X4=11. X1+3Xo+5X%3=9.

3 4.
3X1-Xo+X3+6X4+X5=6, 5X1+Xo+X3+3Xa+X5=5,
X1+5X3+X4-7X5=6, -2XoHAX3+Xa+X5=3,
X1+2Xo+3X3+X4+X5=6. X1-3Xo+5X3=2.

S. 6.
-X1+Xo+X3+2X4+X5=4, -2X1-Xo+2X3=2,
2X1+X3-3Xa+5X5=3, X1+Xo+4X3+Xa+3X5=8,
3X1-X3+6X4+X5=06. 3X1+X2-X3=5.
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2X1+X3-X4+X5=2, B6X1+Xo+X3+2Xs+X5=9,
4X1+Xo+3X3+Xs+2X5=7, -X1-X3+7X4+8%5=14,
-X1+X3+2X4+X5=2. X1+2X3+X4+X5=3.

9 10.
-2X1+3X3+Xa+X5=5, 2X1+3X3+Xs=4,
3X1+Xo+X3+6X4+2X5=9, X1-X3+2X4+3X5=4,
-X1+2X3-X4+2X5=3. 3X1+3Xo+6X3+3X4+6X5=15.

Ipumep 2.2. JlaHO KOMIUIEKCHOE YUCIIO Z = Tpebyercs:

16
1-iV3’
1) 3ammcaTh YKCIIO Z B aJireOpandecKoid, TPHTOHOMETPHYCSCKOM M TTOKa3aTeb-

HOU (opMax;
2) HaiiTi Bce KOpHM ypaBHEHHS W’ + Z = 0, n300pa3suTh STH KOPHH Ha IIIOC-
KOCTH KOMIUJIEKCHOW MEPEMEHHOM.
Pemennue.
1) Cravasna BBIITOJHUM yKa3aHHBIC JeUCTBUS. UTOOBI pa3aeauTh Ha KOM-
IUIEKCHOE YMCIIO B alaredpanyeckoit popme, JOMHOKUM YUCIUTENb U 3HAMEHA-
TEJb UCXOJHOU JpOOU Ha YHCIIO, COMPSKEHHOE K 3HAMEHATEII0

8 __ 8 _1+!\/§: 8+8J§|2 9423
1-iv/3 1-iJ3 1+iJ3 12 +(@)
MBpbI OTy4Yrian aaredpandeckyro GopMy 3aJaHHOTO YKcla Z = X +1Yy, B HalIeM

=

ciaydae X =2,y = 2~/3 . Haiizem TENepb €ro TPUTOHOMETPUUYECKYIO
z=r(cosp+isin )
U TIOKA3aTEeIbHYIO
z=re"
dbopmbl. Beraucnum moayibs I' uncna Z. Umeem

r=|z=x*+y’ :\/22+(2\/§)2 =J4+12 =4.

. 2, .243)_ (1 .43
3amuchiBas Z B Buze Z = r(Cos@+ising)=4 ZHT =4 E—H? , 3aMe-

) 3 T
gaeM, 4To COS(P = > sing = R OTKyIa ¢ = § Taxum 00pa3oM, TPUTOHOMET-

puyeckas v rmokaszareibHasi GOpMbI 3alIMCH YKciia Z UMEIOT, COOTBETCTBEHHO,
BUJ]

z:4(cosE+isinE), 7=4e'3.
3 3
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2) Kopru ypaBaenus W° +Z =0 HalifieM U3 paBeHCTBA W = 3=z. Ecm
KOMILIEKCHOE yncio a # 0 3amucaHo B TPUTOHOMETpUYECKOU opme
a=r(coso+ising),
TO KOPHHU CTETNEHU N W3 a (MX KOJMYECTBO PABHO YUCIY N) OMPENENSIOTCS MO
dbopmyiie

n n

(Q/a)k :Q/F(cosmﬂsin (P+2nkj, n=0,1,...n—1. (2.3)

1 .43 .
3anumiem yucio a=-Z=-4 E—H? B TPUTOHOMETpUYeCcKoil popme. Yuu-

1 ) 3
TBIBAsl, YTO \z\:\—z\:4, OyzneM HMETh COS(p:—E, Sln(p=—7 OTKyJa

Q= —Z—TC . Tenepp naxoaum kopuu 1o dopmyite (2.3). Ilpu k =0 numeem

—z—n+2 -0 —2—n+2n 0

w, = (¥/a), = ¥/4| cos—3 g risin 3 3 =

= Q/Z(cos(— %) +isin (— %T j

—z—n+2n1 —2—n+2n1

:(i/a)l:i/z COS%HW% —%(COS%+iSin4§),

npu K =1 moaydaem

HakoHell, mpu K = 2 Haxoaum

—2l+2 2 —2—n+2n 2

w,=[a), =34 cos—3 —— +isin—3 |-
3 3

\/_(cosTHsm%j:\/Z(cos(—%)ﬂsm( SS;TD

T
[Tocnennee mpeobpazoBanue (MEPEexXo1 OT 3HAUCHUS yTia O = e K 3HAQYEHUIO

8t 10w
oL=——="—"——27) ABIACTCSA HeOOI3aTCIbHBIM. MBI MPOBEIIN €r0 TOIBKO IS

9 9

TOTO, 4TOOBI B OTBETE (PUIypUPOBAJIO INIABHOE 3HAYCHHUE apryMEHTa 4yucia W,,
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T.€. UTOOBI YTOJI O, YJIOBJIETBOPSUI YCIOBUIO Ol € (— T, TE]. Wtak, KOpHSIMH ypaB-

3 T .. T
menust W>+2=0 ,TIe Z = 4(COS§ +1SIn gj SABJAIOTCA YUCJIa

W, = Q/Z(cos(— %nj +1sin (— %D W, \/_(cosg +1sin 4—9“)

T .. T .
W, = W(COS(— 5) +1sIn (— ED Ha xoMIuIeKCHOM INIOCKOCTU ATU YHCIA U300-

paxaroTcs TOYKaMH, COBMAJAIONIMMU C BEpIIMHAMHU MPABUIBLHOTO TPEYTrOJIbHU-
Ka, BICAHHOTO B OKPYKHOCTB pajnyca 34 ~1,6 ¢ IeHTpoM B Hayase KOOP/IH-

Hart (puc. 2.1).
[

]

Wi

Puc. 2.1.
3ameuanmne. B Hamem npumepe BENMYMHA yTJIa ( JIETKO YraJbIBajach,

IIOCKOJIbKY COS(, SiN (@ IpHHUMAIH XOPOIIO M3BECTHBIC, «TAOJIMYHBICY) 3HAUE-

Hus. B oOmem ciydae rjaBHOE 3HAUCHHWE apryMEeHTa KOMILICKCHOTO YHCja
Z = X +1y ompezensercs U3 COOTHONICHU

arctg%, eciu X > 0;
n+arctg%, ecmu X<0, y>0;
argz= —n+arctg%, ecmm X <0, y<0;
g, ecm X =0, y>O0;
—g, ecmm X =0, y<O0.
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3aganue 2.2. J/lano xomriekcHoe yucio z. Tpedyercs:
1) 3ammcaTh 4HCIO Z B areOpamdecKoid, TPUTOHOMETPHYECKON U MOKa3aTelb-
HOM (popmax;
2) HaiiTi BCe KOpHH ypaBHeHHS W° + Z = 0, n300pa3suTh STH KOPHH Ha ILIOC-
KOCTH KOMIUJIEKCHOM MEPEMEHHOM.

1. z= ) 2. 2=———. 3.2=—-—
1+i+/3 1+i 1—i
2 2 1
4, 7= ) 5 2=——+—. 6. z=
1-i/3 J3-i V3 +i
7.2= __4 . g ;-8 9.z:£_.
1-i/3 1—i 1+i
10. z = ! -,

3. BBEAEHUE B MATEMATHYECKHWI AHAJIA3

HamomHuM mociie1oBaTebHOCTh JEUCTBUI MPU T€OMETPUUECKOM MPe0o-
pasoBanuu rpaduka. [Iycts 3anan rpaduk Gyakmum Yy = f(X) u TpeOyercs mo-
crpouts Tpaduk ¢pynknuu Yy = a-f(bx + ¢) + d, rae b, ¢, a, d — HekoTOpBIEe IOCTO-
SHHbBIE YHCIIA.

1. Brimomusiem npeoOpaszoBanue Yy = a-f(b-(x + c¢/b)) + d, T.e. BeIHOCHM 3a
CKOOKHM KOA(PUITMEHT MpHU X B apryMeHTe (QyHKITUH.

2. Tlpu ycrmosunm |b|>1 (0<|b|<1) BemoaHSIEM CxkaTHe (pacTshkeHHe) rpaduka
y = f(X) ¢ koadpdurnmrentom |b| Bxomb ocu Ox k ocu Oy. B pesyabrare mo-
naydaeM rpaduk BcriomoratensHou ¢ynkmuu Y = f1(x) = f(bx).

3. Ecimm b<0, To cummerpuaHo otoOpaxaem rpadpuk Yy = fi(X) oTHocHTeIEHO
ocu Oy; ipu b > 0, mepexoaum K clieAyOmeMy mary.

4. BplInonHsIeM NapaJiiebHbIN MepeHoc (CABUT) MOJyYE€HHOro rpaduka y =
f1(x) na c/b enunun BieBo, eciu ¢/b> 0 u Bupaeo, eciu ¢/b < 0. B pe3yib-

TaTe TnojydaeM Tpaduk BcromorareabHoW QyHkmuu y = f(X) =
f1(x+c/b)=f(b(x+c/b)).

5. TlpousBoaum pactspkerue oT ocu OX (cxxarue k ocu OX) rpaduka y = fi(x)
¢ ko3¢ ¢umentom |a| Booab ocu Oy, ecnu |al > 1 (ecnu 0<|al<l). B pe-
3yJIbTaTe mojydaeM rpaduk BcroMoratenbHon ¢yHkimu Y = f3(X) = afz(x).

6. Ecimu a< 0, To cummerpudHo oToOpaxaeM rpaduk Yy = f3(X) oTHOCUTETBEHO
ocu Ox, ecnm ke a > 0, To IepexoUM K CIICTYIOIIEMY IIary.
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Beinonusiem napasuieabHbii nepenoc (casur) rpaduka y = f3(X) na d eau-

HUII BBepX, eciii d> 0 u Ha |d| equamn BHM3, ecu d < 0. B pe3ynbpraTe monyda-
eM uckoMbIi rpaduk ¢pyHkimn Y = f4(X) = f3(x)+d = af(b(x+c/b))+d.

Ipumep 3.1. Ioctpouts rpaduk GyHKIHH Y :4COS(2X—3)+1 nocpen-

CTBOM TmpeoOpa3oBaHusi Tpaduka HEKOTOPOW MPOCTEHINEeH SIeMEHTapHOM
GbyHKIUH.

Pemenue. [Ipumensisi onvcanHyio BbIlI€ CXeMy K Haiied GyHKIUU, Oy-

JIEM CTPOUTH ee Tpaduk, ucxo s u3 rpaduka GyHkium y = f (X) =COS X (pwuc.
3.1).

1. BemonnseM npeoGpasosanne Y = 4c0s(2x—3)-1=4 COS(Z(X - SD -1, un

MPOU3BOJIUM CKaTue Trpaduka Y= f(x)z COSX ¢ K03 dUIHEHTOM

|a|=|2|=2 Bmons ocu Ox x ocu Oy. B pesynbTare nonydaem rpaduk BCIo-
MOTaTeNbHON QYHKIUU Y = fl(x): c0s2X (puc. 3.2).

. BrinosnHsiem mapanienbHbIN epeHoc MoaydeHHOro rpaduka Y = fl(x) Ha

C

b
dyskmun y = f,(x)= fl(x+gj = COS(Z(X+§D (puc. 3.3).

C 3
:E CAWHHIl BIpPaBO, ITOCKOJIbKY B:—E<O. [Tonyyaem rpadux

. IIpousBogum pactsixerne oT ocu OX rpaduka Yy = fl(X) ¢ K03 punreH-

toM |4|=4 Bmonb ocu Oy. B pesyibrare mojiydaeM rpaduk (yHKIHH

y=f,(x)=4f,(x)= 4cos(2(x + gn (puc. 3.4).

. Boinmonnsiem napajsienbHbld nepeHoc rpaguka y = f3(x) Ha 1 enunwuiy

BBEPX TEM CaMbIM IMOJTy4aeM UCKOMBIHN Tpaduk GyHKIUN

y=f,(x)=f(x)+1= 4cos(2(x+gD+1

(puc. 3.5). IlocnenoBaTenbHOCTH BBIIOJHEHHBIX MPEOOPA30BaHUM MOXKHO MPO-
CJIIUTH TI0 MPUBEICHHBIM PUCYHKaM.
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Puc. 3.1.

Puc. 3.2.

24

Puc. 3.3.

17



18

-2
b

-2
bb

-3TT2

5

-3TMi2

-5

-4

Puc. 3.4.

-3

Puc. 3.5.

ey

S

e

T

21



3aganue 3.1. [Toctpouts rpaduk pyukuuu y = f(X) mocpeactsom npeod-
pa3oBaHus rpaduka HEKOTOPOU MPOCTEHIICH dTIeMEHTApPHON (HYHKITHH.

1. f(x) = (3x+2) / (2x+3). 2. f(x) =3cos(2x — 5).

3. f()=4(@x*+7x-2)/(4x-1). 4.  f(x)=9x2—6x+3.

5. f(x) = In(x?— 6x + 9). 6 f(x) = —2sin(3x + 4).

7. f(x) =2x3 — 18x? + 54x — 53. 8 f(x) =In((x+1)2/ &2).

9. f(x)= \/ 8’ ;fxz‘m. 10 f(x) = (3x2— 5% + 2)/(2C + x — 3).

Ipumep 3.2. Beruucauts npeaenst GyHKIUN, HE MOIB3YACh CPEICTBA-
MU 1U(PepeHInanbHOr0 UCUUCTICHHUS.

. 3-x*-2x_ X*=5Xx+6 . Jx+4-1
a) lim ————;6) lim ———; B) lm ————;
x> X +4X+1 x>2 X°—X—2 >3 X+3
_1-c0os8x. . .. oz
r) lim=——; n) Im(3—-x) .
) x-01 —C0S4X ) HZ( )

Pemenne.

a) Tak Kak Mpu X —> 0 W YKUCIUTENb U 3HAMEHATENb Halllel Apoou cTpe-

o0
MATCA K 00, Mbl UMCEM HCOIIPCACICHHOCTbL BUAA — . I[J'IH €C PACKPLITHUSA BBIHC-
00

2 2
ceM X° 3a CKOOKM B YHCIHTEJIEC B B 3HaMeHarene. ITocne COKpalllcHuA Ha X~ HE-
OIIpCACICHHOCTD UCUYC3HCT. Haxogum

3 2 3 2
X* = -1-= ~_1-=
_3-xtoox | (xz x) e o0-1-0
it Rl by S e e S e
XA x2(1++2J 44— T
X X X X

0) [Ipn X — 2 kak 4uCIuTEeNb, TAK U 3HAMECHATENb JaHHOW ApoOH cTpe-
MmaTcs K 0, mOITOMY 37€Ch MBI UMEEM JIeJI0 C HEOIPECTICHHOCThIO BUA 0

Yr1o0OnI N30aBUTHCSA OT HEE Pa3JI0OKUM YHUCIUTCIIb U 3HAMCHATCIIb HA MHOKHUTCIIN
mo dopmyre ax’>+bx+c=a(x—x, )X-X,), e X, X, — KOPHH TpexuyieHa.
Pemasi cooTBEeTCTBYIOIIME KBaJpaTHbIC YpaBHEHHS (MJIM HUCIOJB3YS TEOPEMY
Buera, uTo mpoiiie, TOCKOJIbKY OAMH KOPEHb X =2 YK€ W3BECTEH), HaXOJUM
X? —5x+6=(x-2)(x—-3), x> =x—2=(x—2)(x+1). [Toce MOACTAHOBKH THX
BBIPOKEHUI B MCXOJHYIO JIpoOb M COKpalIeHUs Ha (X—Z) HEOIIPEAEIIEHHOCTh
ucyesHer. lmeem
iim X —5X+6 _(x-2fx-38) . x-3_2-3_ 1
o2 X2 —-x-2  (x=2)(x+1) =2x+1 2+1 3
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B) JlaHHBII mpenen Takke COAEPKUT HEOIPENEIEHHOCTh BUAA 0’ I0-

CKOJIBKY VX+4—-1—>0 u X+3—>0 mpu X — —3. UToOBI pacKpbITh 3Ty He-
OIPEJICIICHHOCTh, CHOBA NMPUMEHUM TOXKJCCTBEHHBIC MPEOOPA30BAHHS: JOMHO-

KM YHCIIUTENIb M 3HaMEHaTeNb Hamied Japoou Ha +X+4 +1 u mpeobpaszyem
YHCIUTENH IO (opMyIe pasHOCTH KBajgpato a° —b? = (a—b)a+b). Haxomum

ioAxra-1 L (ra-afxea ) (xeaf oo
=3 x+3 o3 (x+3)\Wx+4+1) o3 (x+3)x+4+1)
_ lim X+4-1 1 1

. 1
lim = ==,
3 (x+3)Wx+4+1) o3 x+4+1 J-3+4+1 2

r) 3/1ech CHOBA UMEET MECTO HEOIPEJEICHHOCTh BUIA 0 J{nst BeIUMCIIE-

HUS JIaHHOTO Tpejiesia CHavala rnpeodpaszyeM JpoOb, UCTIOIb3Ysl TPUTOHOMETPU-

i 1 .
yeckylo popmyiy Sin’ o = 5(1_COS 2a), a 3aTeM MPUMEHUM IMEPBBIIA 3aMeua-

t—0

. 1-c0s8x .. sin?4x _ (sindx) [ 2x Y
Ilm—:llmT:Mlm | — =
x>0]1—Cc0s4X x>0sSIn“ 2X x—0{  4X sin 2x

sin4x\’ 2x )
=4Iim( j -Iim( : j =4.1°.1* =4,
x>0\ 4x x=0\ Sin 2X

. . sint
TCIIbHBIN HpeI[eJI |Im T = 1 nu TeopeMy (0] Hpez[ene HpOI/IBBe,Z[eHI/ISI. I/IMGCM

4x
=
n) IIpu ycnoBum X — 2 OCHOBaHME CTENECHH (3— X) cTpemuTcs K 1, a
nokasareib — K ©, TaKUM 00pa3oM, B JIaHHOM CiIy4ae Mbl UMEEM JeJI0 C He-
onpeaeneHHoCThIo Buaa 1. [lnst pemenus: mpuMepa UCHOIb3yeM BTOPOH 3ame-
1

o . t
YaTCIbHBIN IIPCACII I|m (1+ t) = e. Brruucisgem
t—0

4x 1 TAX .
—4limx

im(3-x)"" = lim Q+(2-x)" | =e =t =e*?=¢".

X—2

3apanme 3.2. BeruncnuTh npenensl QyHKIUN, HE MOJIb3YSACh CPEACTBAMU
1 pepeHInanbHOTO UCUUCIICHHUS.

_OxX°—4x*+2 _ . 2x*—=11x+5 . sin2x
1.  a)lim—— ;6) lim — ;B) lIm —;
o0 3x° —2x -1 o2 X2 —7x+10 "7 o x(n+ x)

r) lim (5+2x)"".

X—>—2
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7x3—4x* +6 X —2

a) lim :0); B) Im ——: B) lim 2x-ctg5X ;
)Hw3x3+10x2+5x B V4x+1-3 B :
C(Xrxs1 )
nlm| ———— .
x>\ X*+4x-1
o x*=3x*+2 _ . 3x*—40x+128 ., 1-cos3x.
a) lim ————;6) lim ,B) lim———
x>o 5" —3X —2 X8 X—8 x>0 4x
. (10x-3)"
r) lim :
x>=\ 10X +1
2) lim X} —4x° +6 ) I \/1+x—3_B) im sinx
o0 2x3 +10X2 +5x T o8 2-3/x T o - X
r) lim(4x-11)"".

o x*-3x*+2 _ . 5x*-51x+10 . . 3x*-5x_
a) lim ———;6) lim ; B) lim — :
x> 5x" +8X —6 x—10 x—10 x>0 sin 3X

r) lim(3-2x)"".
5 2 2 _
2) Iimgx5 3X +1;6) im 2)(2 5X 3;13 i thx;
x>o 3X” —2X+3 x>38 X°—5X+6 — tg X
(32 —6x+7)
r) lim| — :
x>o| 3X° +20x -1
X =4x*+6 _ . ¥x-6+2 . 1-cos5x
a) lim — 5 ; 6) lim —————B) lim——F—;
x>» 3X° +10X° + 4X x>2 X +8 x>0 X1g2X
r) lim(2-x)"" .
3 _ _ 2 _
2) lim X" —4x -2 . 6) lim 2X°—1X+3 . iml cost;

] ] B -
x>0 5x% 4+ 3x% —1 x>3 5x% —16X + 3 x>0 XSiNn X

2 4x+1
] 5x“4+8x -2
r) lim - )
x—o| 5x* +3X + 3
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3 3
0. aylim XV o
X—>o0 X +1 x—0

r) lim(3-2x)"" .

1—«/2x+1_B
X )

. COS4xX —Ccosbx
) lim — :
x>0 sin“ 5x

2 _ 3 _ . i
10, a) lim X =36 fim X =8 iy SinSX—sin 3x.
x>0 2X° +6X—1 x>2 2X —4 x—0 sin X

Mpumep 3.3. UccrenosaTh Ha HempephlBHOCTH (yHKIHIO Y = f(X),
HAWTH TOYKW pa3pbiBa U OmnpenenuTh ux poi. [locTpouTs cxemaTuueckuii rpa-
buK GyHKIUY.

a) f(x)= xcos%; 0) f(x) :arcctgE ;
X

(x—1) mpu x<2;
B) f(X)=< cosnx nmpu 2<x<3;
X—3 mpu X>3.

Pemenue. a) @yHkuun Y = X, Y = COSX HENPEPHIBHBI BCIOAY, & (PYyHK-

1 .
oy Y = — — BCHOAY, 34 HCKIIFOUYCHHUEM TOYKHU X = 0 (B OTOH TOYKC OHa HaXKC HC
X

1 1
onpezleneHa). HOBTOMy CJIOKHas (bYHKI_II/IH COS — u mpou3BeAcHUEC X COS— Tak-
X X

K€ HETPEpBIBHBI BCIOY, KpoMe Touku X = 0. BeisicHuM tun paspsiBa QyHKIUH

1 . 1 g .
XCOS— B 3TOU TOUKE. (DYHKI_[I/ISI COS— OrpaHM4€Ha Ha BCCH CBOCHU obnacTu
X X

OIIpEHEIIEHUs, ITOCKOJIBKY ‘COS t‘ <1 Vvt e(— 0, oo), a QyHKIus Y = X SBISIETCS
oeckoneuno Masou mpu X — 0. Ilo u3BecTHOI Teopeme mMpou3BeACHUE OECKO-
HEYHO MaJjioil Ha OrpaHUYEHHYIO (PYHKIHMIO €CTh CHOBAa OECKOHEYHO Maias, T.€.
CYILECTBYET

) 1
lim xcos—= =0.
x—0 X

Taxkum oOpazom, pu X =0 QyHKIUS HE ompejesieHa, HO B 3TOM TOUYKE Cylle-
CTBYET KOHEUHBIN mpesen. DTO 03HAYaeT, YTO €AUHCTBEHHAs TOYKa, B KOTOPOU
HAPYIIAETCs HEMTPEPHIBHOCTh, ABISETCS TOYKOW YCTPAHUMOTO Pa3phiBa.

Ocku3 rpaduka n300paxeH Ha puc. 3.6. XapakTepHoil 0COOEHHOCTHIO SB-
asieTcss TOT (GakT, 4TO B OKPECTHOCTH HYJS TpaduK coBepiiaeT O0CCKOHEUHOE
YUCJIO0 KOJICOAHWI C HEOrpaHMYEHHO BO3pacTarolleil «dactoToi». [lpu sTom
«aMITTUTYZa» KOJIeOaHWW CTPEeMHTCS K HYJIO, T. K. BOJIM3M Havajla KOOpJIUHAT
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rpaduk 3aKJI0OUYEH BHYTPH Maphbl IPSIMBIX Y =XX, 4TO, B CBOIO OYepe/lb, 00bsC-

HACTCA HAJIMYUEM MHOXHUTCIA X B BBIDAXKCHHHM X COS— .
X

4 4

Puc. 3.6.

0) AHaAJIOTUYHO TPEABIAYIIEMY MYHKTY 3aKJII0YaeM, 4TO CIOXKHas (PyHK-
1 .
must T (X)=arcctg— HenpepbiBHa BCroay, kpome Touku X =0, B KOTOpOW OHA
X

HE omnpe/ieNicHa. BeISCHUM THIT pa3pbiBa, BEIYMCINB OJJHOCTOPOHHHUE MPEICibl B
touke X = 0. Jlyisg mpenena cnpaBa uMeem

lim arcctgE lim arcctgt =0,

Xx— +0 X t— +oo

a IJi 1rmpeaciia CiacBa
x— -0 t— -0

lim arcctg1 = lim arcctgt =m=.
X

Takum oOpazom, B Touke X =0 CyIIecTBYIOT KOHEUHbIE OTHOCTOPOHHUE Tpeie-
JbI, HE paBHbIE Mexay coboi. [lo ompenenenuto 3To o3Havaer, uto X =0 —
TOYKa pa3pbiBa 1 poja.

Jlst mocTpoeHus rpaduka MoJIe3HO y4eCTh, YTO TOPU3OHTAIbHAS MpsSMast

T . . 1 s
y= > SIBIIIETCS €r0 aCUMIITOTOM, mockoibKy lim arcctg— =arcctg0 = > Ha
X

X— too

1
puc. 3.7 noka3aH Kak caM rpaduk ¢pyHkuuu Y = arcctqg—, Tak v 3Ta aCUMIITOTA.
X
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=3

Puc.3.7.
B) OyHKIUs

(x=1)° mpu x<2;
f(x)=4cosnx mpu 2<X<3;

1
—— mpu X>3,
3-X P

Ha mpoMexyTkax (—o0,2), [2,3] u (3+o) ompenenena pasmeMu amanuTHIe-

CKMMU BbIpaXeHUsMH. [Ipr 3TOM KaXIo€ W3 3TUX TPEX BBIPAKEHUN 3a/1a€T
(GYHKIIHIO, HETIPEPHIBHYIO B CBOEH 00sacTh omnpeneneHus (B Y4aCTHOCTH, HA CO-

OTBETCTBYIOIIIEM TMPOMEXKyTKe). JleWcTBUTEenbHO, GQYHKIMH Y = (X—l)z,

Yy =COSTX U Y=

SABIIAIOTCA 3JICMCHTAPHBIMHA, a4 TAKHC (1)YHKI_[I/II/I, KaK H3-

BECTHO, HETIPEPHIBHBI B CBOMX 00JIACTAX ompeneiacHus. [Ipu 3ToM mepBbIe ABE
(GYHKIIUM OIpeecHbl BCIOAY, a TPETh — BCIOAY, 3@ HCKJIIOYCHHEM TOYKH
X = 3. [ToaTromy Toukamu pa3psiBa GpyHkmun f (x) MOTYT OBITH TOJIKO TPAHUIIBI
IPOMEKYTKOB. UTOOBI OOHAPYKUTh HAJIMUYME Pa3pblBa U YCTAHOBUTH €rO THII,
BBIYKCIIUM OJHOCTOPOHHHE MPEACIBl (DYHKIIUH f(X) B TOYKax X=2 u X =3.
Jlst Touku X = 2 OyzeM UMETh

lim f(x)= lim (x-1)* =1,

Xx—2-0 Xx—>2-0

lim f(x)= lim cosnx=cos2n=1= f(2).

X—2+0 X—>2+0
MBI BHAMM, 9TO OJHOCTOPOHHHUE HPEJENbl CYIIECTBYIOT, PAaBHBI MEXTy COOOH 1
paBHBI 3HaYeHHio Gynkmum B Touke: lim f(x)= lim f(x)= f(2). D10 o3ma-
x—>2-0 X—>2+0

gaer, uTo dyHkums f(X) HenpepsiBHa pu X = 2. Temneps HcclieyeM 3HAUCHHE
X = 3. Haxoaum
lim f(x)= lim cosmx =cos3n = -1,

x—>3-0 x—3-0
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) ) 1
lim f(x)= lim —— =—0.
X—3+0 x—>3+0 3 — ¥

B nanHOM cnydae OJIHOCTOpPOHHHE MpeJeibl TAaKKe CYIIECTBYIOT, HO OAWH U3
HUX paBeH GECKOHEUHOCTH, ITO3TOMY B Touke X = 3 dynkmus f(X) mmeer pas-

PBIB BTOPOTO poja. Icku3 rpaduka n3o0pakeH Ha puc. 3.8.

Puc. 3.8.

3apanme 3.3. MccienoBaTh Ha HENPEPBIBHOCTh (PYHKIUIO Y = f(x),
HAaWTU TOYKU paspbiBa U ONpenenuTh ux pod. [loctpouts cxemaTnueckuil rpa-
buk QyHKIUY.

1 1
1. f(X)=—"—. 2. f(x)= :
In|x—1]| () x3 —3x2 —4x
|2x — 3] 5x2 —3x
3. f(x)= . 4, f(x) =" 0
(9 2x—3 (9 2X
. (2x? +3)/5 mpu x <1;
5. f(x)=xsin=. 6. f(x)= 6-5X mpu 2<xX<3;
X X—3 mpu X =>3.
7. f(x)= arctg% : 8. f (X) =x-ctgx.
3 / _
0.  fo=2"1 10, fx)=ttx=t
X -1 sin X
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4. ITHOPEPEHIIUAJIBHOE HCYUCJIEHHUE ®YHKIUN
OJHOU TIEPEMEHHOU

IIpumep 4.4. HaiiTu npou3BOAHBIE MEPBOTO MOPSAKA JAHHBIX (PYHKIIHM,
UCTIONB3YS MpaBuiia 1udpepeHupoBaHus.

a) y:arctg(x—\/1+ xz); 6) y = x*="%; B) e*siny—e’cosx=0;

r) X=1tgt, y =sin 2t + 2cos 2t, te(—g g)

Pemenne. a) [Tpumensiem npaBuiio auddepeHIupoBaHus CI0XHON GyHK-
e [£(g00)] = £/(g(9)-g(6). Hveeen
! 1 /
y' =larctgix —v1+x* || = Ax—v1+x2
S— J
1+x —2x1+ X2 + \/1+x
1

= 11— 1+x2' =
1+ X% = 2XV1+ X? +1+4 X2 ( 2v1+ x2( )j

1 1 1
oL X —x\/ﬁ){l_ 2W'ZXJ_ 20+ % - x1+ X ) [ \/?}
B 1 (m - x) B 1 [\/ﬁ - XJ

2(1+ xz—xm) Vx| (\/1+ X —X)\/1+X N
11 1
C2V1ex? ek 21+x)

0) HeoO6xoammMo BBIYUCIUTH MPOU3BOJIHYIO CTEIIEHHO-TIOKA3aTeIbHON (DYHKIIMH

y = X" Vcnomp3ys OCHOBHOE IorapupMmueckoe ToxIecTBo a=h"%?,

NPEJICTABMM OCHOBAaHHE X CTCMEHH X B Buge X=e"" u mpeobpasyeM BEI-
TSNk mokasaTenbHON Qopme X

paxxeHue X — glnxarcsin x
nuddepeHIMPOBaTh Kak CIOKHYI0 QyHKIM0. Haxoamm

1-

arcsin x

i . Terepb €ro MOXHO

!

yr — (Xarcsin x)’ — (elnx~arcsin X )' — eInx~arcsin x(ln X - arCSin X) —

. ' - 1 i 1
_ yarsin X[(In x) -arcsin x + In x - (arcsin x) ) X X(— -arcsin X +In x - - J =
X 1-x

(1 ) 1 [ arcsin x In x
x¥®M X Z . aresin X+ In x- = x¥emnx + .
X N X N1-x?

B) UTOOBI HAliTH TPOU3BOJIHYIO y'(x) npoaudepeHIupyemM paBeHCTBO
e*siny—e’cosx=0,
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YUHTHIBas, YTO IIEPEMEHHAs Y sBisercsa GpyHKIMeH aprymenrta X . Mmeem
(e sin y(x)—e"™ cos x), =0,
(e sin y(x))’ —~(e"™ cos x)' =0,
e*sin y(x)+e*(sin y(x)) — ((ey(x))' cos x +e*™(cos x)') =0,
e*sin y(x)+e* cos y(x)y'(x)—e"™y’(x)cos x —e"*(—sin x) =0,
y'(x)e* cos y(x)—e"™ cos x)=—e*sin y(x)—e*™sin x,
-ty

Takum 00pa3zoM, uckoMas MPOU3BOIHAS paBHA (B OKOHYATEIHHOM OTBETE apry-
MEHT X (pyHKUUU y(x) 51 y'(x) NPUHSTO OITyCKATh)

, _e’sinx+e’siny
~e’cosx—e*cosy
r) Ecu dynkums y(X) 3a1aHa mapaMeTpiaeckuMH YpaBHEHHIMHI
{X=¢ﬁ)
y=w(t) te(ab),

TO €€ IIPOU3BOAHAS BBIYUCIIACTCA 110 Q)opMyne

AL
Y= (4.1)

Bo3smeM pou3BOAHBIE OT (p(t) 151 \p(t):

¢ (t)=(tgt) =

cos’t’
14

' (t)=(sin 2t + 2cos 2t) =2cos 2t —4sin 2t.
Tenepp HaileM IPOU3BOJHYIO OT y(x) no ¢opmyie (4.1)
oy y'(t) 2cos2t—4sin 2t
y (X) = ’ = 2
o (t) 1/cos’t
3ananme 4.1. Haiitu npou3BoiHbIE TIEPBOTO MOPSAKA JaHHBIX (YHKIIHM,
UCIIOJIb3YSl TIPABHUJIA BHIYUCIICHHS IIPOU3BOTHBIX.

= 2(cos 2t — 2sin 2t)cos’ t.

1. 1) y=+/4x* +1gx; 2)  y=xY2/sinx;

3) y =ctg(5x) / x3; 4)  y=arctg(e*) + tg(arccos(e)).
2. 1)y=In(tg(3x + 2)); 2) y =+/1—x? arcsin X ;

3) y = X9 4)  y=(0-1/(x*+1).
3. 1)y =arccos(x?)+arcctg(x?);2) Xy = cos(x —VY);

3) y = log(2" + 1); ) y="V1-x*/V1+x.

27



4. 1) y:(2—5x)/\/2—5x+x2; 2) y=¢e7;

3) y = 2= 4)  y=sin?3t, x=cos*3t.
5. 1)y = (arcsinx)! *; 2)  y=cos3 +tg2X ;
3) X3 +y3—3xy = 3; 4) x=t-sin2t, y=1-cos2t.
6. 1)y=sin®/(1+sinX); 2) y=3¥WX4 (arctgx)?,
3) y=(1+x3)L* 2 4)  y=tg3t, x=cos?3t.
7. 1)y=3"%+(3x) 2; 2) y=(x-21Dlogs(x? 1),
3 y=(+1)% 4) Yy =tg(eh?).
8. 1)y =In(lg(logxx)); 2)  y=(¢+x+1)/(x*+1);
3  y=(x+1)F; 4)  eY=x-y.
9. Dy=0+1)°-(x*-1)%; 2) y=(In5x)/(x* - 1);
3) y = (tgx) “%; 4)  x=tctg(td),y =t cos(t?).

10.1) y=In(x+~/x* +1); 2) 2) y=xSinx.
3) y= 2/(X —1) + 1/(X2 — l), 4) Sin(x+y) + COS(X2+y2) =1

3

IIpumep 4.5. [loctpouts rpaduk GyHKIUH Y = , UCTIOJIb3Ys 00-

x> -3
Y0 CXEMY UCCIIeIOBaHMSI (PYHKIIHH.

Pemenue.

1. O6macTh ompeseneHus GyHKIMH 3amaeTcs yciosuem X°—3#0 wmm
X # /3 . Takum o0Opazom,

D(y)= (—oo,—\/§)u (—\/1_%, \/§)u (\/§,+oo).
2. OyHKIHS SBISCTCS HEYCTHOH, MOCKOJBKY D(y) CUMMETpPUYHA OTHO-
I G S S

cuTeNnbHO Hyna U Y(—X)= Cxf 3 X3 ~y(x).

3. M3yunm mnpenenpHOe TOBeAcHHE (YHKIMHM Ha TpPaHMUIAX O00JIACTH

omnpenesieHus], T.e. Ipu X —> *oo, X —>++/3+0. Cravana uccienyeM (QyHKIUIO

s 3Hauenni X > 0. Umeem
3 2

i ) 1
= lim x- lim ——— =+400-1=400.

lim = lim x- = lim x-
X—>+o0 X2 —3 xow )(2 —3 xow 1— 3 X—40  X—>+00 1—
x? x°
im X tim X hm X ip L -
x—+/3-0 X2 —3  x>3-0 (X — \/§XX + \/5) x—+/3-0 X + \/§ X—+/3-0 X — \/g
(vaf
= «\—00 )= —00, 42
> ) (4.2)
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3

3 3
) X . X . X . 1
x—I>I\/n;3]+0m N x—IJJn%+O (X — \/§XX + \/§) N x—IJJng+O m . x—IJ\rE+O X — \/é

N
=57 ~(+oo)—+oo. (4.3)

Jlanee, B cuiTy HEUETHOCTH (PYHKIIMH, TTOJTydaeM

] X
lim 5 =—00,
X—>—0 X —
. x®
lim ———=-o0, (4.4)
x—>—/3-0 X* —3
3
lim ———=+o. (4.5)
x—>—/3+0 X — 3

CootHomienus (4.2)-(4.3) u (4.4)-(4.5) o3HavarT, YTO B TOYKAX Xlz—\/g,

X, =+/3 (yHKIMA HMeeT pasphiBbl 2 POja, U UYTO HpPSIMBIC X =+./3 sBisoTCs

BEPTUKAJIBLHBIMUA aCUMIITOTaMU rpaduka Hamel QyHKIUH.
4. Haitnem HakinoHHBIE acuMOTOTHI Tpaduka dpyHkiuu. [lo onpenenenuto
npsiMast Y =kX+b ects HakaoHHas acuMnToTa rpaduka ¢pyHkuun y = f (X) npu

X —> 400, eciIn

lim [f(x)—kx—b]=0. (4.6)

Koaddunuentsr K u b Bepaxkarotcs mo Gopmynam
K= lim ) 4.7)
b= lim [f (x;( —kx] (4.8)

AHAJIOTUYHO ONPEICNACTCS U HAKIIOHHAS aCUMIITOTA IIPU X —> —00, TIPU 3TOM B
cootHoteHUsX (4.6)-(4.7) cuMBOJ «+ 00y 3aMEHsIETCS Ha « — oo ». B Hatem
npuMepe

3

ke tim 1) _jim = X _fm L g (4.9)

X—>+0 X X—)+OOX X2— X—>+00 1

1-5

X

3 3 3
o= fm 1)t 2 - i g
- 3lm = 31m —*_.1-31.0-0 (4.10)
X—+0 X © — X—>+ool_£ X
X2
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Wtak, HakiIOHHas acUMNTOTa Trpaduka mpu X —>+oo ummeer Bun Y =X. [lo-
CKOJIbKY BbIumciieHus B (4.9)-(4.10) He 3aBUCAT OT 3HAKA «+» WM «—» Y CHMBO-
7a OECKOHEYHOCTH, NpsiMas Y = X OyJeT HaKIIOHHOW aCUMNTOTOMN TaKXe U MpH

X —> —00.
5. Haiinem mpoMeXyTKH MOHOTOHHOCTH M CTallUOHAPHBIE TOUYKH (PYHK-

nnu. Haxonum nepByro npon3BOgHYIO

(X ,_(x3),-(x2— )—x3-(x2— ),_ XZ-(XZ— )—x3- X
y—( 2 3] - (x:j—S)2 - (x ig3)2 :

X —
2

Ax*—ox? —2x*  x*—9x? X% —

P R o e

W3 (4.11) BuaHO, dTO y’(x) oOpamaercss B HOIb B TOukax X, =0,

(4.11)

X, =—3, X =3. 3uak y'(X) onpenensercs 3HaKoM BEIpaxkernns X° —9, TaK 4To
1) y'(x)> 0, pu X € (—0,-3)U(3,90)=> y(X) Bo3pacTaer Ha (—o0,~3)U(3,);
2)y'(x)< 0, pu x € (—3,3)= y(x) yObiBaer na (— 3,— \/§)u (— V3, \/§)U (\/é, 3).

B Touke X, =0 npousBojgHas He MEHSET 3HAK, CIEI0BATENIbHO, 3KCTpe-
MyMa B 3TOH Touke HeT. IIpu mepexone uepe3 TOUKy X, =—3 IPOU3BOAHASA
y'(X) MeHsIeT 3HaK ¢ «TOCa» Ha «MHHYC», a TIPH TIEpeXofie Uepe3 X, =3 — ¢
«MHHYCa» Ha «Ioc». IloaToMy B Touke X, =—3 (QYHKIHSA JOCTHraeT JOKalb-

9
HOI'0 MaKCHUMyMa y(— 3)2—5, a B TOYKC X5 =3 — JOKaJIbHOTO MHUHHUMYMa,

6. Haiinem npomeXyTKH BBITYKJIOCTH M BOTHYTOCTH (PYHKIMH, a TaKkKe
TOYKM niepernda. BerauciseMm BTOPYIO NPOU3BOIHYIO

") = xz(x2—9) ,: x* —9x? ,:
o) ) |
(¢ -9) b - 3F — (x ~ox)oe —3F ) _
(- 3f
_ (ax® —18x)(x* —3) —(x* —9x? 2(x* - 3)- 2x _
(t ~3f
oy 26 =90 ~3)-2x* - 9x¢) _
(¢ ~3f
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2x* - 9% —6x* +27 - 2x* +18x* _ 6x(x* +9)
(x2 —3)3 (x2 —3)3 '

U3 (4.12) cnexyer, 4to y"(x) oOpalaercs B HOJIIb B ToUke X, = 0 1 3HaK y”(x)

= 2X (4.12)

X
OnpeJeNseTcs 3HAKOM BBIpaKEeHH ————; . [loaTomy
x* -3
1) y”(x) >0,Vxel-+/3, O)u (\/é, oo) = y(x) BBITyKJIa HA (— V3, O)U (\/§, oo);
2) y”(x) <0,¥xel- OO,—\/é)U (0, \/§) = y(x) BOTHyTa Ha (— oo,—\/g)u (0, \/§)

7. IlpuarMas BO BHUMaHUE XapaKTep MOHOTOHHOCTH W HANPAaBIICHUE BbI-
MyKJIOCTH Ha TIPOMEKYTKAX, a TAK)KE PACIIOIOKEHUE aCUMITTOT, CTPOUM Tpaduk
dbyukiuu. Ha puc. 4.1, kxpome camoro rpaduka, mokazaHbl TAKKe U €ro aCUMII-
TOTEHI.

Puc. 4.1.

3ananme 4.2. Iloctpouth rpaduk (QyHKIMHM, UCHOIB3YSI OOLIYIO CXEMY
UCCJIEI0BAHUS (PYHKIUU.
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1. y=(+2x+2)/(2+x%). 2. y = (4 + x3)/(9 — x3).

3. y =(2 + 3x3)/(1 + x?). 4, y=(3+2x2+2)/(x* +1).
5. y =(x?+3x +5)/(x-1). 6. y = (33 - 2)/x.

7. y = (2x2 +3x + 1)/(x — 2). 8. y =x3/(x3 +1).

9. y = (3-9x%)/(1 - 9x%?). 10. y = (x3 + 8)/(x3 - 8).

11. y=xe > L 12. y = In(x2 - 9).

13. y = (1 + x®)exp(-x?). 14, y =lg(4 + x?).

15. y =e2/d™), 16. y = In(16 — x?).

17. y=x2+1+2Inx. 18. y = exp(1l + 4x — 2x?).

19. y=(2+x)exp(- 4 - 4x - x?).  20. y = lg(1—x)/~v1—x.

IIpumep 4.6. CocTaBUTh YpaBHEHHUE KacaTeJIbHOW U HOpMAJIU:
1) K ABHO 3aJaHHOH KpHBOH Y =+/4 —2X*, B TouKe, abCIMCCa KOTOPOil paBHA
X =-1;
2) K KPUBOM, 3a/IaHHON TTApaMETPUUCCKUMHU YPABHCHUSAMHU X = V2sint,
y =Cost B Touke, 111 KOTOpoi mapametp t pasen t, =m/3.
[TocTpouTs rpadviku KpUBBIX, KacaTeIbHBIX U HOpMasiel. [yt kaxaoi KpuBon
HalTH KPUBU3HY B YKa3aHHBIX TOYKAX.
Pemenue. 1) YpaBHeHue KacaTeIbHON U HOPMAIIU B TOYKE I\/IO(XO; yo) K IUIOC-
KOU KpUBOW, 3aJJaHHOU SIBHBIM ypaBHeHHEeM Y = f (X) 3aIIACBIBAIOTCS, COOTBETCTBEHHO,

B BUJIC
Y=Y = f,(Xo)(X_Xo) (4-13)
1
-V =— — 4.14
Vo =iy X ) (414
Haxonum

-II\I%'

Vo =\4-2%" =\/4-2-(-1f

0= (a-2e) =L (a9

(%)= F(-2)=— \/43'2(-_(1—)1)2 _Vz,

OTKyna, ¢ yuetoMm (4.13) u (4.14), mosydyaeM ypaBHEHHUS KacaTeIbHON

y—/2 =42(x+1) = y=/2x+2+/2,

~
Il
N
X

Y HOpMaJu

1 1 1
y—\/_:—ﬁ(x+1)<:> y=—T Xt
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KpuBusna K 1utockoi KpuBOH, 3aIaHHOM SIBHBIM ypaBHeHUEM Y = f (X)

omnpenensercs no gopmyne K = f (X) 375 - BBIYACIIIEM BTOPYIO IIPOU3-
1+ [ /(%))

BOJHYIO
F(x) = - 2X __21-\/4—2x2—x(\/4—2x2) B
Va2t ) 4-2x° B
Ja—2xt —o -2 Y
4 — x> 4-2x% +2X 22
=2 2 =2 Bz Sz o
4 —2X (4—2x )3 (2—x )3

22 =22,

3ateM 3HaucHue f (X) B Touke X, =—1: f (— 1): _m

U, HAaKOHEIl, KpUBU3HY B TOUKE A(—ZL' J2 )

DN L N 3
O N T T

Ha puc. 4.2 nokazana KpuBas, a Tak)Ke KacaTrelbHas 1 HOpMaJlb B TOUKe A.

=275

~25

225

T T T T I T T T | T I T
025 05 075 1 125 15 175 2 225

~-0.25

T | T T | T
225 2 475 5 AR5 1 -OF5 05 025

Puc. 4.2.
2) Ecu dpynkmus y = f (X) 3aJjaHa MMapaMeTPUISCKUMHU YPaBHEHUSIMU



{X = ¢(t)

: t,<t<T, (4.15)
y=y(t)

v'(t)

TO TIPOM3BO/IHAS Y TO X ompejensercs pasencTBoM f'(X)=— 0 Jl1s Haxox-

JICHHsI YPAaBHEHUM KacaTeJIbHOWM W HOPMaju MOKHO BOCIIOJIB30BaTbCS COOTHO-
meHusamu (4.13) u (4.14), rone KoopAMHATHI TOYKHU A(Xo;yo) Y TPOU3BOJHAA

f'(x,) Bemmcmiores Mo dopmymam X, =olt,), Y, =wl(t,), /(%)= ngo))'
P

Nmeem

onﬁsing:ﬁ.gz\/g’ yozcosﬁ—l

3 2]
¢'(t)= (\/fsint)’ — J2cost, y/(t)=(cost) = —sint,
cp'(to):ﬁcosgzg, \p'(to):—singz—?, (4.16)
43
()= ¥ l) S T B
Uoelh)  ees™ V2 2
3 2

TGHCpB MOJKHO BBIIINCAaTbh UCKOMBIC YPABHCHUA KacaTeJIbHON

y—lz— 3 X — 3 <:>y:—\/§x+2
2 2 2 2 ’
y_l: g X — § <:>y:\/§)(_1
2 3 2 2 2

KpuBu3zna napametpuuecku 3aaHHoM kpuBoii (4.15) onpeaensercst popmynon
<=0 (f)w z(t)_q: (t):V SZ ‘- (4.17)
(lo @ + b0
Boruncisiem BTOpbie NPOU3BOIHbIE QYHKINN
¢'(t)=(v2cost) =—v2sint, y'(t)=(-sint) =—cost,

3aTeM 3Ha4eHHs ATUX MPOU3BOJIHBIX B TOUKe t, =7/3

, : v3_ 3, 1
® (to):—\/imng:—\/i?:— > (to)=—COSg=—§- (4.18)

Y HOpMAJIA
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[MoxcraBmss (4.16) u (4.18) B (4.17), Haxoaum

Heeilw

K — _SNe (4.17)

(=08

I I ] I
S5y -125 -0 0F5 W05 025 025 05 075 1 125 f15 -

=025

05

=125

—=t5

Puc. 4.3.

Ha puc. 4.3, kak 1 B mpeIbIIyIIeM IpuMepe, n300paxeHbl KprUBasi, KacaTelbHas
Y HOpMaJib B YKa3aHHOW TOYKE.

3ananue 4.3. CocTaBUTh ypaBHEHUE KACATEIBLHOM U HOPMAJIH:
3) k rpaduky kpuBoii Y = f(X) B Touke, abciiucca KOTOPO# paBHa Xo;
4) x rpaduky kpusoii X = X(t), y = y(t) B Touke, a5 KOTOpOI Mapametp t paBeH to.
[TocTpouTs rpadviku KPUBBIX, KacaTEIbHBIX U HOpMasiel. [yt kaxaou KpuBon
HalTH KPUBU3HY B YKa3aHHBIX TOUKAX.

1. 1) y=—J(9-%?)/3, x,=-3/2;

2) x=3cost, y =+/3sint, t, =—n/3.
2. 1) y=+4-8x*, xy=-1/2;
5m

2) X = —icost, y=-2sint, t,=—

V2
3. 1) y=+v16-4x%, xy =1;

2) x=-sint, y =—4cost, t, =5n/6.
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4, 1)y:—\/8—3x2, XO:—\/E; 2)x=¥cost,y=2\/§sint,t0:_—;.
S 1)y=—x/25—5x2,x0:_@;

2
2) x=—/5sint, y=5cost, t, =7n/6.

6. 1y=(4-x3)/2, x,=2;
2) x=2sint, y=~/2cost, t, =—n/4.

7. D) y=+8-4x*, xo=-1;

2) x=~/2cost, y=2/2sint, t, =1/ 4.

8. 1Dy=+(7-x3/2, x, :—g;
2) x =~/7 cost, y:\/gsint, t,=m/3.

9. 1 y=—8-2x% xq=-1;

2) x=2sint, y =2+/2 cost, t, =5n/6.

10. 1) y=—/4-8x*, xy =-1/2; 2)x=+/1/2cost, y=2sint, t, =5n/4.

5. IMOPEPEHIINAJBHOE NCUUCJIEHUE
®YHKIUH HECKOJIBKUX NEPEMEHHBIX

Mpumep 5.1. Jlano cxansproe monme U=9X* +4y’ —18Xx+8y u Touknm
A(3;—4) u B(2;—1). Tpebyercs:
1) cocTaBuTh ypaBHeHHWe nuHUM ypoBHA 9X° +4y’ —18x+8y=C, C=59, n
HOCTPOUTH ITY JIMHUIO;

2) B Touke A HalTW rpaJMeHT U MPOU3BOJIHYIO [0 HAaNpaBieHHIO BekTopa AB;
3) B TOUKe A MOCTPOUTH KAacaTeIbHYIO0 U HOPMaJb K IMHUU YPOBHS, OJYyYHUB UX
YpaBHEHMUS.
Pemenue. 1) [IpuBenem ypaBHeHUE KPUBOI BTOPOTO MOpSIKa

Ox* +4y* —18x+8y =59
K KAaHOHNYCCKOMY BUJY, BBIJICJIINB IIOJIHBIC KBAJIPATHI. HNmeem

92 +4y? —18x+8y =59 <> 9(x? — 2x )+ 4(y? +2y)=59 <
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=9 —2x+1)-9+4(y? +2y +1)-4=59 = 9(x—1)’ +4(y+1f =72 =

(x ;31)2 " (y;81)2 -1 (5.1)

VYpaBuenue (5.1) onpenenser 3JUIUIC C HUEHTPOM B TOUKE C(l; —1), OCH KOTOPO-

e

ro nmapaJuiCjabHbI OCSAM KOOpAMWHAT, 4 AJIMHBI HOJ'IYOCCﬁ PaBHBbI, COOTBCTCTBCHHO,

a=v/8=22~28 ub=+18=2,/3~34.
2) I'panuent GyHKIMH f(X, y) B Touke A — 310 BekTop VI = (Z—f,%) , T1e
X
YaCTHBIC MPOU3BOAHBIC BHIYUCIICHBI B Touke A. HaxoauMm 3Tu 9acTHBIE TIPOU3-
BOJHBIC

% - %(w2 +4y? —18x+8y)=18x 18,
of ©
— =—(9x* +4y* -18x+8y)=8y +8,
5 ay( )
Y BBIYMCIIIEM UX 3HAYEHHUS B TOUKE A(3; —4)
M:lsa—lszsa,
OX
Mzs-(—4)+8:—z4.
oy

Taxum 06pa3om, HCKOMBIH Tpajment pasen Vi (3,—4)=(36;—24).
3) VpaBHeHue KacaTenbHO# 1 HOpMaTH B Touke A(Xy;Y,) kK HEABHO 3a/1aHHOI
KPUBOIA F(X, y): 0 uMeroT, COOTBETCTBEHHO, BU/T

Fx’(xo;yo)'(x_xo)"' Fy'(xo;yo)'(y_yo)

Fy’(xo;yo)'(x_xo)_ Fx’(xo;YO)'(y_yo)
B namem ciyuae F(X,y)=9x" +4y® —18x+8y 59 = f(x,y)-59. ITosTomy
FX'(XO; yo): fx'(3;—4)=36, F (%: ¥, )= fy’(3;—4): —24 , TaK 4TO UCKOMBIC ypaB-

HEHMSI 3alUIITYTCS CISTYIOMM 00pa3oM

0.
0.

3 17

a) kacatembHas:  36(x—3)-24(y+4)=0cy = SX=5 (5.2)
6) HOpMaJIb: 24(x-3)+36(y+4)=0<y :gx—%. (5.3)

W3 (5.2) BugHo, uto rpagueHt Vi (3,—4)=(36;—24) SBIISIETCS. HOPMAJIbHBIM

BEKTOPOM KacaTeJIbHOM K JIMHUU YPOBHA B TOUke A. DTOT (aKT COOTBETCTBYET
OJIHOMY M3 CBOMCTB I'PaJIME€HTA, UMEHHO: I'PAJIMEHT B TOYKE BCET1a OPTOTOHAIICH
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JVHUHA yPOBHS, MPOXOJAIIe depe3 AaHHy Touky. Ha puc. 5.1 uzobpaxensl
muaus ypoBH: (5.1), kacarensHast (5.2) u Hopmais (5.3).

Pﬁc. 5.1.

3aganme 5.1. JlaHo ckansipHoe nojeu = f(X, y). Tpedyercs:
1) coctaBUTh ypaBHEHHUE JIMHUN YPOBHS f (X, y) =C ¥ IOCTPOUTH ITY JIMHHIO;
2) B TOUKe A HAWTH IpaIMCHT U MPOU3BOIHYIO M0 HalpaBiieHuI0 BekTopa AB;

3) B TOUKe A MOCTPOUTH KacaTeIbHYI0 U HOPMaJb K JIMHUU YPOBHS, TIOJY4YHUB UX
YpaBHEHUS.

121. u=x%+4y? + 4x + 4y, C=13, A(1, -2), B(2, 4).
122. u=x?+9y%+ 2x - 6y, C=2, A(-1, 1), B(0, 4).
123. u=4x2+y? + 4x - 4y, C=36, A2, -2), B(1, 1).
124, u=9x%+y?-6x - 2y, C=6, A(, 3), B(3, 0).
125. u=x2+4y? + 2x - 8y, C=20, A2, 3), B(L, 4).
126. U = 25x2 +y2 + 10X + 2y, C=14, A(-1, -1), B(2, 4).
127. u=4x% + 9y? - 4x - 12y, C=8, A(2, 0), B(-1, -1).
128. U= 9x% + 4y? - 12x - 4y, C=8, A0, 2), B(2, 5).
199. u = X2 + 25y - 2x + 20y, C=165, A(2, -3), B(2, 1).
130. U =x2+4y? +2x - 4y, C=35, AG, 1), B(5, 4).
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6. UHTEI'PAJIBHOE UCYUCJIEHUE
®YHKIUHU OAHOU IEPEMEHHOU

HpnMep 6.1. Haiiti HeonpeeneHHbIe I/IHTeraJIBI

X2+ x+1
a 6) | x*e*dx: B dx.
)I x«/x — )I )I x+1 (x +4x+5)
dx
Pemenue. a) O003HaYUM HCXOJHBIM UHTErpan uepe3 | =| ———— u
I XA/ X% =1

npeodpasyem HOI{BIHTCFpaJIBHYIO (byHKuI/Ho CJ'ICI[yIOHII/IM o6pa30M

=]
T

3aMeI{aeM 4TO B IMOCJIICAHEM HHTCTPAJIC —2 =—d (—) 141 iZ = (—j IIO3TOMY
X x) X X
1 dx d (1j 1
=] == —X:—arcsin(—)+c.
1 X 1)? X
X X

0) Tak kak X BXOJUT B MOJBIHTETpAIbHYIO (QYHKIIMIO B KBajipaTe, Ghop-
MYJTy UHTETPUPOBAHUS IO YACTSIM

[ udv =uv—| vdu (6.1)

TpHUIeTcs NPUMEHUTh ABaxasl. CHavyama momaraeM U= X°, dv=e*dX, oTkyna
du = 2xdx, v=e". [Tony4aem
2 X 2 X X
[ x?e*dx = x’e* — 2] xe*dx. (6.2)

K mocneanemy unTerpainy cHoBa npumenseM ¢opmyiy (6.1), momoxus U = X,
dv =e*dx . Umeem

[ xe*dx = xe* — [ e*dx =xe* —e* +C (6.3)
[Toncrasisist (6.3) B (6.2), OKOHUATEIHHO HAXOUM
[ x2e*dx = x%e* —2(xe* —e* + C)=x’e" —2xe* +2¢* +C.

B) Tak Kak mojabIHTErpaibHas PYHKIUS — MpaBUIIbHAS pallMOHATIbLHAS
JpoOb, cpaszy MIIEM €€ Pa3I0KEHUE B CyMMY MIPOCTEHIIINX ApoOeit
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*+x+1 A B Mx+N
(x+1)°(x2 +4x+5) x+1+(x+l)2 "X ax15
A(X +1)(x? +4x+5)+ B(X? + 4% +5)+ (Mx + N )(x + 1)’

(x+1) (2 +4x+5)

[lomaras B ToXecTBe

X3+ X+1= A(X+1)(X? +4X+5)+ B(X? +4x+5)+ (Mx+ N )(x +1)° (6.4)

1
X =-1, Haxoaum B = —5 ITonaras B (6.4) mocaegoBarensHo X =0,X=1,a

3 9
3aTeM MpUpaBHUBAS KOYPDUIUEHTHI PU X~ , IPUXOJAUM K CUCTEME YPaBHEHUM

1:5A—g+N
13=20A—5+4M +4N (6.5)
1=A+M

BeipasuB N u M uepe3 A u3 nepBOro u TpeThero ypaBHEHUH U MOJCTABUB BO
. 3)
BTOpPOE, HAWAEM CHayasia AZE’ a 3aTeM U OCTaJbHble KO3()PUIMEHTHI,

3

M = 5 N =-9. 3amernm, uTo cuctema (6.5) 3HAUUTETHLHO TPOIIE TOU, KO-

TOpasi MOJy4YUach Obl MPHU HCIOJIB30BAHUU CTAaHIAAPTHOIO METOJa HEOoIpese-
JeHHBIX Kodddunrentos. Utak,
X*+x+1 5 1 3 x+6

- - _2 X406 6.6
(x+1)(x2 +4x+5) 2(x+1) 2(x+1f 2 x*+4x+5 (©.6)

Wuterpupys (6.6), Haxoaum

i x° +x+1 X:§I dx 1, dx —§I X+6 _
(x+1)(x2+4x+5) 27 x+1 27 (x+1f 2°x*+4x+5
:§In\x+u+———j (2x+4) 8 EIn\x+]J+—1 -

2(x+1) x? +4x+5 2(x+1)
(2x+4)d dx 1 3 d(x?+4x+5)
——j 6[— In\x+JJ+ ~-2[=2 -
G +4x+5 X2 +4x+5 2 2(x+1) 47 X*+4x+5
-6 x+X2+2) In\x+ﬂ+ (X+l)—gln(x2+4x+5)—6arctg(x+2)+C.
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3aganme 6.1. HaiiTu HeonpeeeHHbIE UHTETPAIbI.
131.  a) Jexp(- 83)x2dx; 6) [xtgxdx: B) | dx/(6x-7x%-3x).
132.  a) Jtg(5x+3) dx ; 6) | In(x+1) dx; B) J (x-1)/(4x3-x) dx .
133. a) Jctg@x-3)dx;  6) [In>dx; B) [ X2/(x3+5x2+8x+4) dx.
134, a) [cos?(1+in)/x dx; 6) | arcsin® dx: B) | (C+1)/(C-x?) dx .
135. a) | cos“x sin2xdx:  6) [xarctgxdx: B) | (@ + 1)/(3+x%x-1) dx .

136. a) j W 6) [ In¥x2dx:  B) | (4+1)/(Cx2+x-1) dx .

137. a) [x@x+2)dx;  6) jafcsli_“&
Vv1—X

138. a) [eX(@e*+4)dx; 6) xIn((1+x)/(1-x))dx; B8) ] x/(c-1)dx.

dx; B) | X/ 3x + 2) dx.

139. a) [e*@*1)dx; 6) | In_x dx ; | 32xdx

NN & (2x —1)(4x% —16x+15)
140. a) | (3x— 1)/(@ + 9) dx ; 6) [expxdx; B) ] x2/(x® +x2+x+1) dx.

Ipumep 6.2. Boruaucauts miom@anb (GUTYphl, OTPaHUYECHHOW JIMHUSIMU

2
(y—x) =x% x=1.
Pemenne. O003HauMM HMHTEpeCyONLy0 Hac ¢urypy uepes D, a ee mio-
2
mase gepes S,. Vpasnenue (y—X)° = x°, onpenensioniee ee TpaHMILy, PaBHO-
3
CHJIHO ypaBHEHHMIO |Y — X| = X?, KOTOPOE, B CBOIO O4EPE/Ib, PABHOCHIBHO COBO-
3 3
KYITHOCTH JBYX ypaBHeHHH Y =X—-X?2 m Yy=X+X2. [Ipu x<0 ¢yHkuun
3 3
f,(x)=x—-x2 n f,(X)=x+x2 He onpenenensy, npu X =0 06e OHM OOpamAIOT-
cs B Houb. CripaBa Hamia (urypa orpaHudeHa BepTUKaIbHOM mpsiMolt X =1. 3a-
METUM, HAKOHEII, YTO MPH X € ﬁ);l] Bemonnsiercs yenosue f,(X)< f,(x). Takum

oOpa3zoMm, oOnacte D cHuzy u cBepxy orpanumyeHa rpaduxkamMu (QyHKIIHMA
y = fl(X) uy= fz(x), rae X e [0;1], COOTBETCTBCHHO, @ C OOKOB — IPSIMBIMH
X=0 um x=1. Ona npencranisieT co00i KPUBOJIMHEHHBIA TPEYTOJIBHHUK, KOTO-
phIit u300pakeH Ha puc. 6.1.

Nmeem

%_ g . 1% . 2Xg _ﬂ
So = [[[f,(x)- f,(x)]dx = j(x+x x+xjdx_2'[0xdx_25 -
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Puc. 6.1.

3apnanme 6.2. BpruuciauTh 1iomans (GUrypbl, OrpaHUYCHHON JIMHUSIMH,
ypaBHEHUSI KOTOPBIX JTAHBI.

151. y=1/(1+x%), y=x%2. 152. y=x?, y=x%3.
153. y=¢*, y=e X, x=1 154. y?=2x+1,x-y-1=0.
155. y?+8x =16, y?—24x =48 . 156. y =x(x— 1), y=0.
157. (y—x—2)2=9x, x=0, y=0. 158. y=(x*+2x)e %, y=0.
159. x=y*(y—-1), x=0. 160. y=x-x%2, y=0.

7. OBBIKHOBEHHBIE TU®®EPEHILIUAJIBHBIE YPABHEHUSA

OOBIKHOBEHHOE I[I/I(l)(bepeHI_II/IaJ'IBHOC YPaBHCHUC — 3TO COOTHOUICHUC BH-

na

F(X,Y,Y,....y™)=0. (7.1)
3n1ech: X — He3aBUCHUMAsl IEpEMEHHast (apryMeHT), Y — UCKoMasi (PyHKIHUS 3TOro
aprymenTa, Y',...,y" — npousBoausle uckoMoil GpyHkuuu. JleBas 4acTh paBeH-

ctBa (7.1) sBasercs 3agaHHON (PyHKUMEH CBOMX apryMeHTOB. B GoJblIMHCTBE
3a/1a4, KOTOPbI€ BO3HUKAIOT B €CTECTBEHHBIX HAyKaX U TEXHUUYECKUX MPUIIOKE-
HUSIX, 9Ta QYHKIHUS SBIISIETCS HENPEPHIBHOM.
[Topsimok crapiieil Mpou3BOAHOM, BXojsend B ypaBHeHue (7.1), Ha3bIBa-
0T MOPAAKOM Au(epeHlnaIbHOro ypaBHEHUsS. B ecTecTBEeHHBIX HayKax H
TEXHUUYECKUX MPUIOKEHHSIX Yallle BCTPEYAIOTCsl YpaBHEHUS IIEPBOTO MOPsIIKa
F(xy,y)=0

Y YpaBHEHMs BTOPOTO MOpsIKA

42



F(X’ Y, y,’ y”) =0.

Pemmuts ypaBuenue (7.1) — 3HaUUT HAWTH QYHKIMIO, KOTOpas MpH MOJI-
CTaHOBKe B aAuddepeHInaIbHOe ypaBHEHUE 00paIaeT mociaeaHee B TOKIECTBO
IIPU BCEX JOMYCTUMBIX 3HAYCHMSIX apryMeHTa. Takux (QyHKIUN OKa3bIBACTCs HE
OJlHa, a 1ejoe cemencTBo. [Ipu aTOM MBI HaxoauM ob1ee perienue nuddepen-
[UATBHOTO YpaBHEHUS. DTO PEIICHUE MOXHO MPEICTaBUTh B BUC

y=y(xC,...,C). (7.2)
3necy C,,...,C— mpou3BOIBbHBIE MOCTOSHHBIE MHTEIpUpOBaHMs. Yucno 3tux
KOHCTAHT COBIQJIACT C MOPSAJIKOM ypaBHeHHUs. MIckomoe ceMelcTBO (PyHKIMiA
MOKET OBITh TAKKE HAMIEHO B HESIBHOM BUJIE:

@(x,y,C,,...,C, )=0. (7.3)
PaBenctBo (7.3) ompenensier obmuii uHTETpan AuddepeHITnaIbHOTO ypaBHe-
HUSI.

n

YucnoBble 3HAYCHHS] KOHCTAHT WHTETPUPOBAHUS OIPEACTSIOTCS, €CIU
Hapsy ¢ ypaBHeHueM (7.1) 3agaHbl HAYaJIbHBIE YCIIOBUS
y(Xo) = Yo» y,(Xo) = y(;; RN y(nil) (Xo) = yénil)' (74)
Uwucio HayanbHBIX YCIOBUN JTOJDKHO PABHATHCS MOPSAKY YpaBHEHUs. B Hauaib-
HBIX YCIIOBUSIX MOTYT OBITh 3a/IaHbl 3HAYCHHUS] UCKOMOW (YHKIIMHU, a Takke e€
MIPOU3BOIHBIX, TTOPSAJIOK KOTOPBIX MEHbIIIE Mopsaka AuddhepeHIuanbHOro ypas-
HeHus. YpaBHeHue (7.1) BMecTe ¢ Ha4aIbHBIMU YCIIOBUsMU (7.4) peacTaBisioT
coOoif Tak HaspiBacMylo 3amady Komm (3amady ¢ HadaldbHBIMH YCJIOBHSMH).
[Ipu pemennn Tako 3ajjauu CHaJyaJsia moJrydaercs oOuee peuieHue (7.2), 3arem
Ha OCHOBAaHMH yCJIOBHM (7.4) cocTaBieTCS CUCTEMA YPABHEHUN OTHOCUTEIBHO
nensBectbix C,,...,C . Pemenne sroii cucremsr C/,...,C] moacrasusercs B

obmee pemenue (7.2). B pe3ynbrare moiaydaercs 4acTHOE peIIeHUE YpaBHESHUS
(7.1), ynoBueTBOpsroliee HadaIbHBIM ycloBUsM (7.4). YUacTHoe pereHue mnpe-
CTaBJISIET COOO0M ONpeeIeHHYI0 (PYHKIIUIO apryMeHTa X. JTa (DYHKIUS MOXKET
OBITH 3a7aHa HESABHO. B 3TOM ciydae mojrydaeTcss 4acTHBIM mHTEerpan audde-
PEHIIMATBLHOTO YPaBHEHUS.

Bormpocsl cymiecTBOBaHUS M €IMHCTBEHHOCTH PEIICHHS 3a/1a4d ¢ Ha4allb-
HBIMH yCIIOBUSIMH PAacCMOTPEHBI B YUEOHOU uTepaType. B paMkax qJaHHBIX Me-
TOJAMYECKUX YKA3aHWHA 3aMETHM TOJIBKO, YTO B OOJIBIIMHCTBE 3a/1a4, CBSI3aHHBIX
C WHXEHEPHBIMH TPWIOKCHUSAMH, CYIIECTBYIOT PEIICHUS, IPUYEM CIUHCTBCH-
HBIC.

PaccmoTpum manee penieHus HEKOTOPBIX TUTIOBBIX 3a]1a4.

JIuHeliHble ypaBHEHHS NEPBOro nopsaxka. Meroa Bapuanum nNpou3BoJabLHOU
MOCTOSIHHOM

[TycTh TpeOyeTcs HaiiTh pemenue auddepeHImaIbHOr0 YpaBHEHUS BUIA

y'+p()y=f(x). (7.5)

Pemenue AOJDKHO TaKXKC YAOBJICTBOPATH HAYAJIIbHOMY YCJIOBHIO
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y(Xo) =Yo- (7.6)
VYpaBHenue Buaa (7.5) Ha3pIBaeTCA JIMHEWHBIM YPaBHEHUEM MEPBOrO MOPSJIKA.
Hanuure cBoOOOAHOTO craraemMoro JiejaeT ypaBHEHHE HEOJHOPOIHBIM.
OnHuM U3 METOJIOB OTHICKAHMS O0IIEero penieHus: ypaBueHus (7.5) sBisi-
€TCsl METOJl Bapualluu MPOU3BOJILHON MOCTOSIHHOM. [IpriMeHeHne 3Toro Meroaa
TS perieHus 3aaaun suaa (7.5),(7.6) MOSCHUM CIAEAYIONTUM IIPUMEPOM

IIpumep 7.1. TpebyeTcs peminTh ypaBHEHNE

, N 2
Y+;y=F (7.7)

IIpHU HaA4YaJIbHOM YCJIOBUH
y@®)=0. (7.8)
1. PaccMOTpuM COOTBETCTBYIOIIEE OJJHOPOJHOE YPaBHEHHUE
, N
y'+—y=0.
X

910 YPaBHCHHUC MOXHO ITPOMHTCIPHUPOBATDL, PA3ACIINB IICPCMCHHBIC!

d—y+ﬂy=0 Y Ny o jﬂ:—jﬂdx = In|y|]=-nin|x+In A
dx X y X y X
B pesyibrare monxy4nm
A
y=--
X

2. Ucnonp3yeM NOJIydeHHOE OO0IIee pelieHne OJHOPOIHOrO ypaBHeHUs. byaem
UCKaTh 00IIIee pelIeHNE JaHHOTO HEOJHOPOIHOTO YpaBHEHHS B BUIE
y=20, (19)
X
OTMeTHM, YTO MOJICTAHOBKA HAa MECTO MOCTOSHHOW A HEM3BECTHOW (YHKIIMH
A(X) Ha3bpIBaeTCs BapuaIkel MPOU3BOJILHON MOCTOSTHHOM.

[Toncrasisist Beipakenue (7.9) B ypaBuenue (7.7), MOTyUUM:

(A(x)j'+ NAK) 2 RO - AT AK) 2
X" X X" X" X" X" X
KR AR AKX 2 e
X" X X '

n+1 n
X

n+1

n+1

HNHTerpupyem noiaydeHHOE ypaBHEHUE, Pa3AeiInB IEPEMEHHBIE:

%:2 = dA(X)=2dx = [dA(X)=[2dx = A(X)=2x+C.

[ToncraBiisst moclieIHEE BBIPAKEHUE B PaBEHCTBO (7.9), moaydnm:
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2x+C C 2
y: :_n P (710)

X" X" X
B dopmyne (7.10) oOiiee pelieHre HEOAHOPOIHOTO YPaBHEHUS MPEICTABICHO
KaK CyMMa JBYX CJIaraCMbIX: IICPBOC COBIIAACT C 06HII/IM peCUICHUEM OOHOPOO-
HOT'O0 YpaBHCHU:, BTOPOC ABJEICTCA YACTHBIM PCHICHUCM HCOAHOPOIHOI'O ypaB-
HCHU.

3. OmpenenuM 4KUCIOBOE 3HAaY€HUE MOCTOSHHONM C M3 HAYaJIbHOIO YCIIOBHSA

(7.8):

21tC _y o =2
1
TOFI[a HCKOMOC pCIICHUC 3a/la4i C HaYaJIbHBIM YCIIOBHCM:
2(x-1
0o =220,

JInst BeIpaOOTKHM HABBIKOB PEIICHUS JIMHEHMHBIX YpaBHEHUN MEPBOro MOpsJIKa
PEKOMEHY€TCsl BBIIIOIHUTH CIEIYIOLIEE 3aJaHue.

3ananme 7.1. Haiitu pemienue 3aa4u ¢ Ha4aJlbHbIM yCIOBHEM

1. xy' —2y=x’e*, y@) =e.
2. (x+Dy' -2y=(x+1*, y(0)=0.
3. X%y +2xy =cosX, y(m) =1.
4, Xy'+y=x+1 y(2) =0.
5. y'cosx — ysin x =4x°, y(0)=1.
6. y'—ycos x =2xexp(sin x), y(0)=m=.
7. X*y'+2xy =1, y(@)=1.
8. y' +2xy = 2xexp(—x?), y(0)=1.
9.  2xy'—y=2x¥%cosx, y(m) =0.
10.  y'+ ytgx=2Xcosx, y(0)=4.

JIuHeliHbIe YpaBHEHHUS BTOPOI0 MOPAIAKA ¢ NOCTOAHHBIMH
KO3 PpuueHramu

JIuneitnpiM AuddepeHunaIbHbIM YPaBHEHHEM BTOPOro MOPSAIKA C MOCTO-
SHHBIMU KO3 PUIIMEHTaMU Ha3bIBAIOT YPaBHEHUS BHUIA

y'+py' +aqy=f(x), p,q=const
Pemenne MoxeT ObITh MOJYy4EHO KaK CymMMma OOIIEro perieHus COOTBETCTBYHO-
LIET0 OJTHOPOJHOTO YPaBHEHHUS

y"+py +qy=0
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Y YaCTHOT'O PEIICHHUs NaHHOTO HEOJHOPOIHOrO ypaBHEHHUs. UTOObI HAWTH 00-
Iee pelleHre OJHOPOJHOTO YpaBHEHus, ompeaenuMm KopHu K, K, xapaxrepu-

CTHYCCKOT'O YPAaBHCHUA

k*+pk+q=0
U TIPUMEHHM OJIHY U3 CTaHAAPTHBIX (DOPMYII:
y, =Ce”+Ce“, ecIu k, #k,, ki,k, eR,
y . =e*(C, +C,X), eciu k, =k, =k, keR,
y.,, =e”(C, cospx+C,sinBx), eclin ki, =0%ip, aopeR.

YacTHoe penieHre peKOMEHIyeTCsl TOCTPOUTh METOI0M HEOIpe1eICHHBIX
K03 PHUIUEHTOB, OPUCHTUPYSACH 10 BUIy QyHkuuu f (X) B mpaBoit yacTu ypas-

HeHus. PaccMorpum ganee npumep.
Ipumep 7.2.Tpelyercs HaiiTh obimiee pemieHue AU HEepEeHIHATEHOTO
ypaBHEHUS

y' -4y’ +5=2e* (7.11)
N 9aCTHOC PCIICHUC, YAOBJICTBOPAIOIMICC HAYAJIbHBIM YCJIIOBUSAM
y(0)=2, y'(0)=-3/4. (7.12)

1. CocTaBuM M pelInM XapaKTEPUCTUUECKOE YPABHEHUE:
k?-4k+5=0 = (k-2)*+1=0 = k,=2=i.
Torna
y,,, =€”(C, cosx+C,sin x)
— o0111ee peleHne OJHOPOIHOTO YPABHEHMSI, COOTBETCTBYIOLIETO TAHHOMY .

2. Ucxons u3 BUla npaBoi yactu ypaBHeHus (7.11), OyaeM uckaTh yacTHOE pe-
meHue 3Toro ypasenus B popme Y = Ae*. Torpa:

(Ae¥) —4(Ae¥) +5Ae” =2e% = 9Ae™ —12Ae™ +5Ae” =26% = 2A=2.

[Monyunmu A=1, cnenosarensro, Y =e>*.

3. O6iee penieHue JAHHOTO HEOJHOPOJIHOTO YPABHEHUS TIPEICTABUM B BUJIE

y=y, +Y.
B pe3yinbTare mosiydum odIiee perieHue:
y =e”(C,cosx+C,sin x)+e™, (7.13)

Hudbdepennupys Beipaxenue (7.13), Haxogum:
y' = 2e%(C, cos x+C, sin x)+e* (- C, sin x+C, cos x)+3e*.
VYuuteiBaem HavyanbHbie ycnoBus (7.12):
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2 =¢°(C,cos0+C,sin0)+e’,
3. 2e°(C, cos0+C, sin 0)+e°(~C, sin 0+C, cos0)+3e”.
4

Torma
C,+1=2, C =1
=
2C1+C2+3=—3/4 CZ:—23/4.
[Tomy4yuiam 4acTHOE pelieHue, yA0BIECTBOPSIOINICE HaYalbHbIM YCIOBHUSM:

2X 23 H 3x
y(x)=e cosx—Zsmx +e™.

JInst BbIpaOOTKHA HABBIKOB PEIICHMS JIMHEMHBIX YpPaBHEHUI BTOPOTO MOPSIKA C
MOCTOSTHHBIMU KO3((pHIIMeHTaMU PEKOMEHyeTCsS BBIIOJHUTE CIEAyIollee 3a-
TaHue.

3aganme 7.2. Haittu yactHoe pemieHue nudepeHnnanibHOro ypaBHe-
HUS, YOBJIETBOPSAIOLIEE 3aJaHHBIM HauaJbHbIM yCIOBUSIM

1 y' —9y = e y(0)=0, y'(0)=0.

5 y' —4y=x-1, y(0)=0, y'(0)=0.

3. yV'+2y +y=cosX, y(0)=0, y'(0)=0.

4. y'+3y'+2y=1+x+x* y(0)=0, y'(0)=1.

5. y"+2y' +5y=13e*, y(0)=1 y'(0)=4.

6. y'-2y-8y=16x+4, y(0)=2 Yy'(0)=6.

7. y'+4y' -12y=8sin2x, y(0)=0, y'(0)=0.

8. y'—4y' +13y=26x+5 y(0)=1 V'(0)=0.

9. y"+y=cos3x, y(n/2)=4, y'(n/2)=1.
10.  y"—4y'+3y=¢e", y(0)=3, y'(0)=9.

8. UNCJIOBBIE U ®YHKIIMOHAJIBHBIE P /1bI
YucsioBbie psaabl

[IycTe mMeeTcst mpOU3BOJIbHAS MOCIEA0BATEIHOCTD YHCET
U,U,,...,U ...
OnpenenuM YUCIOBOM psiji Kak (popMabHyI0 OECKOHEUHYIO CyMMY BUA

2.4,
n=1
H Jajicc Hapsaay C IoCICa0BaTCIbHOCTBIO YICHOB psaa

U, UyyeoyU e
6yz[eM TAaKKC HUCIIOJIb30BATH MOCJICAOBATCIIbHOCTh YACTUIHBIX CYMM psiaa
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S,,S,,..0,S ...

11900 n

[Ipu sTOM

m

S,=>.u, m=12..

" n=1
B cIydac Cym€CTBOBAHMS KOHCYHHOI'O IIPCACiia IMOCIICAOBATCIBHOCTH 4YaCTU4-
HBIX CYMM
S=IlmS§,
n—o0

TOBOPSIT, YTO PSIA CXOIUTCS, PU 3TOM S HA3bIBAIOT CYMMOH psiia. B mpoTtuBHOM
CJIydac psad HA3bIBAIOT pacCXodAIIUMCH. YHI/IBepCEUIBHOFO IIprU3HaKa, Io3BOJIATO-
mero yCTaHOBHUTb CXOJUMOCTb hi15(8]0) pPaCXoaAuMOCTb JAHHOI'0 YHMCJIIOBOI'O psijaa,
HE cyllecTByeT. Jlanee npuBeAeHb HEKOTOPBIE PU3HAKU CXOAUMOCTH.

Heo6xoaumMoe yciioBue CXOAUMOCTH psAja:

Ecmu pao Y u, cxooumes, mo limu, =0.

=1 n—oo
[Ipusnak JamamOepa A 3HAKOMOJOXKUTEIBHOTO psijia’

o0 - u
Ilyemv dan pso Y u,, u, >0, n=12,...u cyyyecmayem L = lim ==,

n=1 N—o0 u N

Tozoa npu L<1 oannviii psio cxooumces, a npu L>1 oaunsiii pso pacxooumcsi.

HpI/IBHaK Komu JJIs1 3BHAKOIOJIOXKUTCIBHOTO psAna.

IIyemo 0an psio Y u,, U, >0, n=12,... u cyyyecmgyem L =lim Q/u>n

n=1
Tozoa npu L<1 oannviii pso cxooumces, a npu L>1 oaunsiii pso pacxooumcsi.

[Tpusnak JleiiOHuMIIa A5 3HAKOYEPEAYIOMIETOCS psaa:

Iyems dan pso ) (-1)™u,. Ecau u, 2U,, >0, n=12... u limu, =0, mo

Oannsii psd cxooumest. pu smom S-S |<u

20e S — cymma psaoa, Sm — ua-

n+l !

CMuuNas cymma.
Jlasiee pacCMOTPUM JaHHBII YHCIOBOM psix U, U psix » | |. Ecmu psin
n=1 n=1

U3 MOJyJEH CXOIUTCS, TO JAaHHBIA PsiJi Ha3bIBACTCS aOCOJIOTHO CXOASIIUMCS.
JlokazaHo, 4TO aOCOJIOTHO CXOMSIIMUCSA DS CXOAUTCS B OOBIYHOM CMBICIIE.
OOpartHoe HeBepHO. B ciyuae, Korja JaHHBIN P CXOOUTCS, a PSIl U3 MOIYJIeH
€ro YJIECHOB PacXOJIUTCSI, TOBOPST, YTO JJAHHBIN PSIJT CXOJAUTCS YCIOBHO.

n-1
™ " Ha abCcoumoT-
n“+1

Ipumep 8.1. UccrenoBars 9HCIOBOM psix Y (1)
n=1

HYIO U YCIIOBHYIO CXOAUMOCTb.
> -1 o o
1) Paccmotpum psin an—l , COCTaBJICHHBIN U3 MOAYJIEN YICHOB JAHHOTO PsAa.

n=1

I/IcnonmyeM W3BECTHBIN IPHU3HAK CPAaBHCHHA JIs1 3HAKOITIOJIOKHUTCIIBHBIX PAIOB.
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o0

o 1 o
B1>16epeM AJIs1 CpaBHCHUA TapMOHHUYCCKUUN PO 0 , KOTOpbIM, KaK H3BCCTHO,

n=1

. (n=1 1) , n’—=n
lim| ——:= |=lm——=1.
—e\n“+1 n) ™ n°+1

Tak kak 1€(0,00), To psig U3 MoTyIel BeAeT ce0sl Tak e KaKk FapMOHUYCCKHUHA —
TO €CTh pacxoauTcs. Takum 00pa3oM, UCXOAHBIN psl HEe 00aaeT a0COMIOTHOM
CXOJIUMOCTBIO.

2) Uccnenyem gaHHBINA psJl KAK 3HAKONIEPEMEHHBIN, ¢ IOMOIIbIO ITpU3HaKa JIeu-
onura. Bee ycnoBus npusnaka Jleitoanma BeimonasoTcs. CieoBaTebHO AaH-
HBIN PSiJl CXOIUTCS.

3) YuuTthiBasi pe3ysibTaThl MYHKTOB | M 2, OKOHYATEIbHO — JAHHBIM YUCIOBOU
PSAI CXOIUTCSI YCIIOBHO.

PacxoauTc:. Bpraucioum

Zamanue 8.1. MccnenoBaTh 4MCIOBOM psiJl HA aOCOMIOTHYIO U YCIOBHYIO
CXOJIUMOCTb.

0 _ [e'e) 1
1. (-1)" (2”1 . 6. S (n"? .
nz—l n+2 n=3 ninn(in In n)®
o0 2 0 n2
5 cos(n2 +2n). 7 Z(—l)”z—.
n=1 3n + 2 n=l n!
e 3n? +1 o 1
3. B L e 8. -n° .
ré( ) n?+3n-2 nZ::3( ) ninnvInInn
0 _1 n 0 _1 n
4. % 0. 3 WD 3
n=1N~ +SIN° N n=sn+ (InInn)
00 _ n+1 0 _ n 4
n=n” +xInn n=h" —n°+1
CreneHHbie psiabl
CreneHHOM psi ¢ NEUCTBUTENBHBIMU YWICHAMHU — 3TO PSJl BUAA
o0
2.8, (x=x)", (8.1)
n=0
Irae Xo 1 ap,az,...,an,... — U3BECTHBIC IMOCTOSIHHBIC, X — BCILICCTBCHHA IIEPEMCH-

Hasi. BaXHOM XapaKTEpUCTUKOW CTEIIEHHOIO Psia SIBJISETCS HHTEPBAI CXOIUMO-
ctu (Xo—R, Xo+R). Jlns 3HaueHwid X BHYTpU MHTEpBasia cXOauMOCTH psija (8.1)
cxoauTcst abcomoTHO. CXOIMMOCTh Ha TPaHUIE UHTEpBaa ONpEAesaeTcs CXo-
JUMOCTBIO YUCIIOBBIX PSJIOB
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Za (-R)" u Za R"
n=0
Bennuuna R Ha3piBaeTcs paI[I/IyCOM CXOAUMOCTH CTENEHHOrO psiia. 3HaueHue R
MOXeET OBITh HalJIEHO, HAITPUMEP, C TTOMOIIBIO (hOPMYIT
an
. a'n+l

N

R=Im-—
n—o o a‘

n

IPU YCJIOBUM, YTO YKa3aHHBIE MPEAEIbl CYHIECTBYIOT. 3HaUueHHE R MOXKeET ObITh
KOHEYHbIM WM OeckoHeuHbIM. B mocneanem ciydae psan (8.1) cxoaurcs Ha
BCEM MHOXECTBE JCHCTBUTEIBHBIX YHCEIL.

3aMeTUM Tak)Ke, 4TO CTENEHHbIE PsJbl JOMYCKAlOT MOWIeHHOEe aAudde-
PEHLMPOBAHUE U MOWICHHOE UHTErpupoBaHue. CTENeHHbIE PsIibl, KOTOPBIE IMO-
JY4YarTCsl B PE3YJbTAaTe ITUX OMNEPALMA, UMEIOT TOT K€ PATUYC CXOJUMOCTH,
YTO U UCXOJHBIN psii. COOTBETCTBEHHO CYMMBI TAKUX PAJOB MOKHO MOJIYYHTb
muddepeHunpys 100 UHTETPUPYS CyMMY HCXOAHOTO psJa.

IMpumep 8.2. MccnenoBarb CXOAMMOCTD psijia iil (x=3)"
=1 N+

n
B namem ciyuae Xo=3 m 8, =—— npu n=12,...

n+1
Beruucium
la | . |n DY L0 ne2)_onte2n
R=Ilim =lim = ——— |=lim—
el nﬁ°°\n+1 n+2| g n+l n+1) ™= (n+1)°

n’(1+2/n) ) 1+2/n
e n?(1+2/n+1/n*) =1+2/n+1/n?

TeMm caMbIM ompefeneH uHTepBan cxoaumoctu (2,4). Ilpu X=2 nomyyaem yuc-
JIOBOU psizt

n+1

KOTOPBIN PAacXOJUTCA B CHJIy HapyIlIeHHs HEOOXOJMMOTro MPU3HAKA CXOIUMO-
ctu. [Ipu X=4 nonyyaem 4nUCIOBOM Psif

ST LTI S PP T
Sy =Sy (1 ]

KOTOPBIN PacXOqUTCS B CHUJIY HAPYLICHHS HEOOXOIUMOTO TPU3HAKA CXOJIUMO-
ctu. OKOHYATEIBHO, TAHHBIN CTENCHHOM psia cxoauTces npu Xe(2,4).

3aganue 8.2. MccmenoBarh CXOIUMOCTD psia
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TR i il 6. (20 —1)(x-2)",

n=1 n(n+1). n=1
(e 0] 2n Q0 _ n
N (2%) 7. 3
In(4n+2) o 2
e 0] n
3 Z (x n1) | 8. (x+4) |
n-o 4 n—23¥n*-2
> (@ -1)(x+2) > "
4. n-1)(x+2)". Q. — X"
n_2 a3 (n+1)
o0 n o0 n
5. Y-Sy 10. z(”—”j X"
i n(n+1) h—o\ N

Tpuronomerpuueckue psaabl Pypbe

[Mycts dynkius f(X) abcomoTHO MHTErprpyeMa Ha oTpeske [-,1], To ecTh
|

CXOJMTCS WHTETpa J. \f(x)\dx. Tpuronometpudeckum psagoM Dypbe GyHKITUH
—I
f(x) na otpeske [-1,I] Ha3bIBaeTCs psin Buga

a, <« mmx max
=+ Z(a cos % + b sm—),
2 I I

¢ ko unmenramu

|
:% | f(x)cos@dx, m=012,...

j f (x)sin —dx m=12,...

Jns GyHKIMK HEYeTHOW Ha 0Tpe31<e [-1,I] paznoxenue B psg ypre comeprut
TOJILKO CUHYCHI, JJI1 YeTHOU — TOJILKO KOCUHYCHI.

Ipumep 8.3. Paznoxuts pynkuuio f(x) = x—;x2 B pan Pypbe Ha OT-

peske [0,2].
[Tponomkaem manHyto (PyHKIIMIO, HA OTpe3Ke [-2,2] HEYETHBIM 00pa3oM.
Torma an=0 s m=0,1,2,... Jlanee Berancisem mpu |=2

o1



2
b, =+ [ f(x)sin "ax =
2, 2

2

2 2 2 2

_1 j Xsin @dx—l j X sin M 4x ::jxsin mdx:—ijxd(cos@j:
2, 2 25,2 2 2 m 2

2 maxl2 2 max 2 [ mnx 2 . mnx} 2
= -2 | xcos—= —jcos—dx = -] xcos —Z sin -

mmn 2 [0 0 2 mmn 2 mmn 2 10
:—icosmn:(—l)”‘”i.

mn mn

Takum 006pazom, HCKOMOE paziiokeHue B psij Oypbe NIpUHUMAET BUJ

X——=—3Y >+ &in(""x), 0<x<2.
2 @ mZ:: 1 m ( 2 )
Zamanue 8.3. Pasnoxure pynknuto f(X) B psug @ypbe Ha 3a7aHHOM OT-

peske.
1. f(x)= x| Ha oTpeske [-1, 1].
2. f(x)=x Ha oTpe3ke [0, 3] mo cunycam.
3. f(x)=sin g Ha oTpe3ke [-T, 7].
4, f(x)= Cosg Ha oTpe3ke [-T, 7].

-nl2, ©m<x<0
5. f(x)=+0, x=0 Ha oTpe3ke [-7, 7).

nl 4, O<x<m
6. f(x)=¢e" Ha oTpeske [-2, 2].
7. f(x)=e* -1 Ha orpeske [0, 21t] no kocuHycam.
8. f(X)=mn/4 —x/2 Ha oTpe3ke [0, 7] mo cuHycam.
9. f(x)=x Ha oTpe3ke [-T, 7].
10. f(X)=(n-x)/2 Ha otpe3ke [0, ] mo cuHycam.
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9. KPATHBIE U KPUBOJIMHEMHBIE UHTEI'PAJIBI
KpartHble nHTErpajibl Ha NpUMepe ABOMHOI0 HHTEerpaJjia

Kak u3BecTHO, IBOMHOM MHTETrpAI

[] £ (x, y)dxdy
D

ot pynkiuu f(X,y) Ha MHOXecTBe D ompenensieTcs Kak mpeaen MOCIea0Ba-
TEJIILHOCTH MHTErpalbHbIX cyMM. B ciaydae f(X,y)=1 B obmactu D, 3nauenue

JBOMHOTO WHTErpaja COBMAAACT C IUIOMAAbio oOmactu. OJHAKO BBIYUCIICHHUE
JIBOMTHOTO MHTETpaja ¢ MCIOJb30BAHUEM MHTETPAJIBbHBIX CYMM SBJISIETCS OUCHD
CI0XKHOM 3anadei. Ha nmpakTuke NBOMHOW MHTETPaJl BBIYUCIISIOT, MPEACTABIISISA
€ro 4epe3 MOBTOPHBIM MHTETPA.

[Tycte pyuxuus f(X,y) onpenenena Ha muoxkectse D (puc.9.1).

YA %\
D |

o| a by @
Puc.9.1.

[Ipu 5TOM BBITIOJTHEHBI CJICTYIOIINE YCIOBHUSA:
1) MuoxectBo D nomyckaet npeacTaBiieHue

D={(x,y)| a<x<b,o(x) <y <y(x)]. (9.1)

2) ®yukiun @(X), y(X) u3 (9.1) HenpepsIBHBI Ha oTpe3ke [a,b].
3) Ilpu mo6oMm Xe[a,b] cymecTByeT uHTErpa
v(x)
FO)= [ f(xy)dy, (9.2)
o(x)
KOTOPBIH 3aBHCHT OT X, KaK OT IapaMeTpa.
4) dynkius F(X), onpenenennas B (9.2), uaterpupyema Ha otpeske [a,b].
Torma cyriecTByeT Tak Ha3bIBACMbIi IIOBTOPHBIN HHTETPA

b w(X)
[dx [ f(x y)dy (9.3)
a  o(x)

Ecnu mpu atom dyskmust f (X,Yy) HenpepbiBHa Ha MHOKeCTBe D, TO BO3MOXKHO
HpeICTaBICHUE
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b w(x)

IT £ (x, yixdy = [de [ (x, y)ey (9.9
D a  o(x)
Eciau MHOXecTBO D MOKHO TIPE/ICTABUTh B BH/IE
D={(xy)| c<y<d, a(y)<x<p(y)}, (9.5)
riae dynknuu a(y), B(Y) HenpepbIBHBI Ha oTpe3ke [C,d], To
d By
[[ 0 y)dxdy = [dy [ f(x,y)dx. (9.6)
D c a(y)

Ecmm s ob6nactu mHTerpupoBanus D Bo3MOXHBI 00a mpeacTaBiICHUS
(9.1),(9.5), To BenMuMHA TOBTOPHOTO MHTErpajia HE 3aBUCUT OT MOPSIKA UHTE-
rpupoBaHus. JelCTBUTEIbHO, COBMECTHOE BBINOTHEHUE paBeHCTB (9.4),(9.6)
O3HAYaeT, YTO

b w(x) d B(y)
fox [ f(x,y)dy=]dy [f(x y)dx.
a  o(x) ¢ o(y)

Jlist ciydas, Korja 00J1acTb MHTETPUPOBAHUS HE JIOMyCKaeT Mpe/IcTaBIie-
Huii Buga (9.1),(9.5), ciegyetr nmpousBecTy pazdrMeHHE Ha MOA00IACTH, KaxKas
U3 KOTOPBIX JOMYCKAeT XOTsI Obl OJJHO U3 TaKUX NpeacTaBieHUl. VIckoMblil WH-
Terpaji nojy4ruM KaKk CyMMYy UHTErPaJIOB B MO1001aCTX.

INpumep 9.1. Bpruucnute ABOWHOW uWHTETpan oOT  QYHKIUH
f(X,y)=sin(x+Yy) B obmactu D, koTopast orpanudeHa ocbio OX U MPAMBIMHU

JTUHUAME X=Tt/4, X=1/2, y=X.
O6nacts D momyckaer mpeacTaBicHHE

D:{(x,y)\ §£x£g,03y3x}.

Tornpa

nl2 X nl2

ij f(x, y)dxdy = [ dx[sin(x+ y)dy = (— cos(X + y)‘:jdx -

/4 0 nl4
/2 N —
" :(O+1)—[—%+ 2)23 2|

2 2

nl4 TE/4

nl2 H
= [(~cos2x+ cos x)dx :(— ¥ +sin x)

B psine cityyaeB npy BBIYMCIEHUH JBOWHOTO MHTErpaJIa

[] £ (x, y)dxdy

D
MOKHO TPUMEHATH 3aMEHy MepeMeHHbIX. I 3Toro Tpelyercs paccMOTpETh
(GyHKIUM BUA

x=x@u,v), y=yu,v), (uv)egG, (9.7)

KOTOpPBIE MO3BOJIAT NPEJACTaBUTh 001aCTh MHTETpUpoBaHus D Ha KOOpaAuHATHON
miockoctr OXy Kak o0pa3 HEKOTOporo MHOkecTBa G Ha KOOPJAMHATHOM TIOC-
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KOCTH O*UV. BennuuHbl U,V IIpuHATO HA3bIBATH KpI/IBOJIHHeﬁHBIMH KOOpJAHUHAaTa-
MHM. HpI/I BBIINMOJIHCHHWH M3BCCTHBIX YCJIOBI/Iﬁ CIIpaBCaJIMBO PABCHCTBO

o(x,y)
f (x, y)dxdy = || f(x(u,V), y(u,v))——"Zdudv .
g( y)dxdy g(( ), Y( )){8(u,v)
31ech
OX OX
O Y) _ et QU v |_Ox Oy _Ox Oy
o(u,v) oy | oéu ov ov éu
ou ov

HNpumep 9.2. Boruuciaure aBoWHONW wuHTErpas J 0T QyHKIUH

f(x,y)=x+y B obnactu
D={(x,y)| X +y*<a’, x>0, y>0}.
Hcnonb3zyem B KauecTBE KPUBOJWHEHWHBIX KOOPAMHAT HA IJIOCKOCTH TOJSPHBIC
xoopauHatsl (I,¢). Torma
X=rcose, Yy=rsing,

Cose —rsing
sing@ rcose

ox,y) (9.8)

o)
O6nacTe-TipooOpa3 MpeCTaBISETCS B BUE
G={r.¢)|0<r<a 0<p<n/2} (9.9)

Ob6nactu D u G noka3zansr Ha puc.9.2.
¢ y

I

a r a X

= r(cos2 @ +sin? (p)z r.

/2

Puc.9.2.
Torma

3= [ (¢ y)dxdy = [ £ (x(r, ), y(r,@)*Mdrd -
D G

o(r,¢)

a /2
= [[(rcoso+rsing)rdrd = [rdr [(cose+sin ¢)de.
G 0 0
Brruuciisis nanee nmoBTOPHBIA UHTETPAIL, MIOJTYYUM
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a_2 3

J=

0

O'—;m

ml2| . G o 2(3
{(sm(p coscp)‘o }r dr_£2r dr_s(r )

3aganue 9.1. BpruuciauTh ¢ MOMOIILI0 3aMEHBI IIEPEMEHHBIX JTBOMHOM
UWHTETpal U ONPEACIUTh IO b 00JIaCTH, OTPAHUYEHHON 3aJJaHHBIMU JTUHU -
M.

1. (x2 + y2)2 = 2ax°.

2. xy=a®, xy=b%* x=py, x=qy; O<a<b, p<q (x>0).
3. (A +yH)i=xt 4yt

4, X=2y, y=3X, 3X=2+Yy, X=4+2y.

5. (x*+y?%)?=2a%(x*-y?).

6. X+y=a, Xx+y=b, y=aX, y=pX% O<a<b, O<a <B.
7. (X* +y?)? =8a’xy.

8. y’=ax, y’=bx, x=py, x=qy, O<a<b, O<p<aq.

9. xy=a® xy=b* x*=py, x*=qy, O<a<b, 0<p<aq.

10.  (x*+y*)*=a(x*-3xy?) (a>0).

KpuBosinHeliHbIe MHTErPaJibl BTOPOro poaa — 0 KOOPAUHATAM

IHpumep 9.3. Bbuucauth HMHTETpa]l BTOPOTrO poja OT (PYHKIUHU
a=P(x,y)i+Q(x,y)j=(-y>X)i+(x?y)j BOOIb II0CKOI KPHBOIA

r: {X: St h<t<ni2.

sint
Hcnonwiys hopmyity
b
fadr = j(a —j = [(P(x(®, y0)- X0+ QX(®. YO)- Y )t
TTOJTY9UM
/2 .
_y? 2vdy = [ [ —sintJcost Mt fsint_S2St gt =
_[( y“x)dx + x“ydy JO. ( sint costzwwost smtzmjdt

175/? Tc/2 11 T
) jsm t +cos t)dt gdtza(z—o}z.

0

3amanme 9.2. BpluucIuTh KPUBOJIMHEWHBIA MHTErpaj BTOPOTO pojia
BJIOJIb 33JIaHHOM JIMHUU. {11 HE3aMKHYTBIX KPUBBIX OPUEHTALIUSI COOTBETCTBYET
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BO3pacTaHuio mapamerpa t wim nepemeHHOM X. JlJiss 3aMKHYTBIX KPHUBBIX
HaIpaBJeHUEe 00X0/1a PEOIaraeTCs MOJIOKUTEITHHBIM.

1. I ysin xdy —xcos ydx; L— orpe3ok mpsimoii, ot Touku (0;0) 1o (7t ;27).

2. jxydy +(y —x)dx; L— nyra maun y = x> ot touku (0;0) 10 Touku (1;1).
L

3. j2xydx +x2dy; L — ayra muamm y = x* ot touku (0;0) no Toukwu (1;1).

4. j2xydx +x%dy; L- myra oxpyxsoctr X = Rcost, y = Rsint, t €[0;x].
L

X2 2

5. Ide—Xdy; L — snnumnc —+y—2=1.
a“ b
y2dx — x2dy | : T
6. j—, L— nyra okpyxxHoctu X = Rcost, y =Rsint,t €[0;=].
L X +Yy 2

7. J(x® =2xy)dx+(y® —2xy)dy; L — manms y = x*, xe[-1;1].
L

8. [(x+y*)dx+(x* —y*)dy; L —mumams y = 1- |1-x|, xe[0;2].
L

9. I(Z —y)dx + xdy; L—apka nmuxiaouasl X =t —sint, y =1—cost, t €[0;2x].

10 I(H y))t(ix+§/x y)dy..

L — okpyxHOCcTh X% +Yy2=R?

BoluuciieHue moToka BEKTOPHOI'O IOJIA Y€pP€E3 NMOBEPXHOCTH ¢ MIOMOIIBIO
IMMOBEPXHOCTHOI'O HHTEIrpaljia

BekTopHbIM T0JIeM Ha3bIBaeTCsl BEKTOpHAs (DYHKIMS TOYKHU MPOCTPAHCTBA, B
YaCTHOM CJIydae — IUIOCKOCTH. Eciii BBECTH B pacCMOTPEHUE CUCTEMY KOOPIH-
HaT, TO BEKTOPHOE T0JIE MOKHO MPEJICTABUTH B BUJIE

a=P(x,y,2)i+Q(X,Y,2) ]+ R(X,Y, 2)k,
rae P(X,Y,2),Q(X,Y,2),R(X,Y,z) — onpeneneHHbie PyHKINHA KOOPUHAT.

BekTopHbIe 101 UCTIONB3YIOTCS ISl MATEMaTUYECKOTO OMUCAHMS Pa3siny-
HBIX (PU3UYECKUX TpoIeccoB. [Ipy 3TOM 4acTo NpUXOIUTCSA BBIUUCIATH TOTOK [1
BEKTOPHOTO TOJIS 8 4Yepe3 3aJaHHYI0 MOBEPXHOCTh S, MUCMOJIb3Yys MOBEPXHOCT-
HBI MHTETPaJI IEPBOTO PO

I1={[(a-n)ds,
S

rae N — eAMHUYHBIN BEKTOp BHEIIHEH HOPMAalIM K MOBEpXHOCTU. OrpaHuYuMcs
CJIy4aeM, KOTJla TOBEPXHOCTH 3aJlaHa SIBHBIM 00pa3oM
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s={(xv,2)| z=f(xy), (xy)eD}.

Torz:a IIOTOK BCKTOPHOTI'O IIOJIA BBIPAKACTCA 4CPC3 I[BOﬁHOﬁ HHTCI'paJl
of of
= (P(x, y, f(x, y))& +Q(x, Y, f(X, y))a —R(xy, f(X, y))dedy . (9.10)
D

3nak nepea uHTerpaioM B dopmyre (9.10) onpenensiercs HanpaBieHUEM HOP-
Maiau N. Belpa3uB TakuMm 00pa3oM MOBEPXHOCTHBIM MHTETpas 4yepe3 JIBOMHOM,
BBIYHCIISIEM MOCTIEAHUIN Yepe3 MOBTOPHBIN HHTErpall.

IHpumep 9.4. Haiitu nOTOK BEKTOpHOTO mojs a = 2Xi +7Yj —zK, de-
pe3 JacTh miockoctd P: X+2y+Z =1, pacrnonoxeHHyl0 B IEPBOM OKTaHTE,

€CJIM U3BECTHO, HOpMaJib 00pa3yeT OCTPbINA yroi ¢ 0chio Oz .
[IpeacTaBuM 4acTh MIOCKOCTH CIEIYIONIUM 00pa3oM

S={(x,v,2)| z=1-x-2y, (xy)eD}.

[To ycnosuto 3amaun o6nactb D nexutr B kKoopauHatHOM miiockoctu OXy u
orpaanyeHa ocsimu OX, Oy u npsimoit X +2Yy =1. Torma

D= {(xy)| 0=xs1 02yt
Jlns Hamero npumepa B popmydie (9.10)

P(Xv Y, Z) = 2X! Q(X! Y, Z) = 7yl R(X, Y, Z) =-Z,

G

OX Loy
s Hopmanu, KoTopast oOpa3yeT OCTPBIM yroJl ¢ ocblo Oz, Mepea UHTETpajioM
CJIEYET B3ATh 3HAK MUHYC.
Torma

= —[[(2x(=1) + 7y(-2) + (1— x—2y) Jdxdy =[[ (3x+16y —1)dxdly .

U nanee
1 (1-x)/2

M= jdx j(3x+16y L)dy j(3xy+8y -¥);

(1-x)/2

dx =

13 1-x 1( 2 3
I(ZX(l X)+2(1 X) _TJdX:_E(?—ZX-FEJdX:

3amanme 9.3. HailTu NOTOK BEKTOPHOIO MOJSL & Yepe3 YacTh IIIOCKO-
CTH P, pacroyIO)KEHHYIO B MEPBOM OKTaHTE, €CJIM M3BECTHO, YTO HOpMalb K
IUIOCKOCTH 00pa3yeT OCTPbIil yroi ¢ ochio Oz.
1. a=yj+zk, P: x+y+z=1
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2. a=Xxi+yj+zk, P: x/2+y+z=1
3. a=2xi+yj+ zk, P: x+y/2+z/3=1.
4, a=-2xi+yj]+4zk, P: x/3+y+z/2=1.
5. a = Xi+3yj + 2zk, P: x+y+z=1.

6. a=2xi+5yj+5zk, P: x/2+yl3+z=1
7. a=2xi+Yyj—2zK, P: 2x+y/2+z=1.
8. a=—Xxi+yj+12zk, P: 2x+y/2+z=1.
9 a=2xi+yj+zk, P: 2x+3y+z=1.
10, @=2xi+3yj+4zk, P: 2x+3y+z=1.

HOCTpOGHI/Ie MOTEHIHAJJA BEKTOPHOI'O IOJIA B HByMepHOﬁ 00J1aCcTH

[Ipu onucanuu Gu3nUEeCKUX MPOIECCOB OCOOYIO POJIb UTPAIOT MOTEHIIU-
aJbHbIE BEKTOPHBIE TTOJISI BUIA
a=gradU ,
rae U — ckangpHas QyHKUUSI MPOCTPAHCTBEHHBIX KOOPAWHAT, UMEHyeMas I0-
TEHIMAJIOM BEKTOPHOrO moJisl. PaccMoTpuM  ciaydail BEKTOPHOTO OIS
a=P(x,y)i+Q(X,y)]j, KoTOpoe OmpeAeacHO B KaKOH-HUOYIb OIHOCBI3HOM

obnactu D na miockoctu OXy. Beinonnenue Bcroay B D ycnoBus
oP 0Q
oy X
SIBIIICTCS TOCTATOYHBIM JUTS CymiecTBOoBaHMs moteHnuaita U(X,y). 3HaueHus mo-
TEHI[MaJIa MOKHO OIPEEIUTh 10 hopmyie

X y
U(x,y) = [P(X, y,)dx+ [Q(x, y)dy +U (X, ,). (9.12)
Xo Yo

B dopmyne (9.12) posnb HauanbHOH TOYKH (Xo,Yo) MOXKET BBIMOJHATH MPOM3-
BOJIbHAs (PMKCUPOBAaHHAs TOYKa U3 obsactu D.

(9.11)

IMpumep 9.5. JlokaszaTb MOTEHUIUAJIBHOCTD OJIst
a=(X+y)i+(x—y)] unaiitu ero noreruuan U(X,y).
B nmanHOM mpuMepe BEKTOPHOE TOJIe ONMPENEICHO Ha BCEH IJIOCKOCTH
Oxy, koTopast SBISETCS OJHOCBI3HOM 007acThi0. Tak Kak I JAHHOTO TOJIS
P(x,y)=x+y, QX y)=x-y,
TO ycnoBue mnoteHImanbHOCTH (9.11) BbimoaHeHo. BriOpaB Touky O(0,0) 3a
HavanpHyro ¥ ronaras U(0,0)=0, momxyunm o popmyie (9.12)

X y 2 2 2 2
U (X, y):J'(x+0)dx+j(x—y)dy:t%j;+(xy—y?jyzx—+xy—y—.
0 0

0 2 2

OKOH‘I&TCJ’IBHO, npeaAcCTaBIsIEM HCKOMBIN IIOTCHIIMAJI B BUJC
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U (x

Y)

X 42xy -y

Baganue 9.4 JJoka3aTh MOTCHIMAILHOCTD MOt @ = P(X, ¥)i +Q(X,Y)]

v Haiith ero noreniman U(X,y).

1 P(x,y)=3x* —2xy + y?,
2 P(x,y)=1+€*" +cosXx,

3 P(x,y)=2x(y? -2}

4 P(x,y)=e*" +cos(x - ),
5 P(x,y)=2x—3xy* +2y,

6 P(x,y)=x(1+6y?),

7. P(x,y) =1+ ey,

P(x,y)=x*+2xy — y?,

. P(X,y)=2xcosy — y?sin x,
10. P(x, y)=x* —2xy?

+3,

JIMTEPATYPA

2

=—X" +2Xy.

Qlx, y) =€ —cos(x-y) .
Q(X,y) =2x—3x%y +2y.
Qx, y)=y(L+6x*).

X

Qxy)=12e".
y

Qx, y)=x* —2xy - y*.
Q(x,y)=2ycosx—x?sin y.

Q(x, y)=y*—2x*y+3.
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